


25 UASS 1
VSBEVIl for whan2 TNy more yom dewbt . the move yon learn.

bxample .- {-R—=R , f:=(3.-0. @n we deduce {ta) v any aeR ?
f:R—R’ is a Function Saﬁs-fgf'nﬂ_-
D fep = (%242
» Rond R' HAVE AIGEBLA STRULTVRES AND T behuves
BsR —15R |, | ReR|-25R|.
(a.b) — ab. (a. b)) — (aX . ay).

flab) = a-{tp.
f - flaon = arfw) = a+ (%, 1) (38, -0 |

FECTOR SPACES :  Sets of veutove with two Algebraic STRULTURES.
LINEAR MAPS : Functions Between F.vs. Thar behwe well The Algebraic ST

FELD - SBET WITH THE AIGERRA LTRULTURES .

T‘f{?/ip{ .
vet: A fleld i a wonempty get ¥ with Twe AlGEBRA STRUCTURES.

+: B —F. Addivion  (2.b) — atb .
«: F«F —F Product (a.b) — ab .
CATISHYING THE FONOWING AXIONS -

ASSOCIATIVITY: Si: [(atb)«C = A+(b1e> . Va. b eF.
P (ab)ec = albl)

COMMUTATIVITY: S2:  a4b- bta Va.beF.
P2 : ab=ba
IDENTITY : S2: dpeF. a+ip=0+a=a VYaeF.

Pe: JI1ef: al=10=a VaeF.

INVERSE - Ss: VoeF. J-aeF - A+tad=(a)+a :=0.
Pa: VaeF. A%o. da'eF . ad'=a'a=|.

PICeTRIBUOTIVITY D: alb+2) = #b+4ar. Vo b N eF.



Fxample -
ON-11.2:2.4.-7 NoN >N (INDUETION). 51‘32@3\9G D 2 NoT A #iBID

NN = N NARY
2. No=40.1.2.:2,- 4 NDFNp'i’NP Q,S;Q_g.gﬁ. D = Noer A Feib,
No ¥ Np => No P'Pl?g Fl‘«
N 21 90,0029 22 D7 8988 D S NoTA FELD
242 |22 2. PP PR '
2 R=1% a-bezb2d) « BARB O 5585 5 518 A FED.
OxQ =@ FPhPPs
n R Rip 20 R S A FEBLD,
RxR — R
NENcZ2EREREC .

@BLEMQ . Finol soluetione oy the followng €quations :

3 Xe2 30 QW somenig
§ Xareo B Ib sowwsod (N0E

C= Set of COMPLEX NUMBERS.

PROPERTY :
Any polywomial equation i C that has a Soluction 1n C |

- ['s) I:!_’a-ﬂH'rfi}w‘fﬁ ) — (o
TN T R —— We can check if -

whin shede ] fﬁh‘ﬂ' l:-a-[rd#\] _‘ +| swnsries 51
-- (0:b)- (25 B 2P b) (1.oDy

(qmaa}fm (ioyen, = -

. (ﬁ.ﬂl-{m . : o R]*E"—*ﬂ a\nce [’a.b)‘#fﬂaﬂ).
_, ,W T { )
RA-bn-0 < (1Y) =g m.g-
iy - bj b



L:E is a Field .

R—>% INJECTIVE MAP .
o fa.r?)
(g) 4 (bs2d = (a+b s 0t0) = (Atb.0) BBHAVE WBH WiTH ADPICTION . PRODULT.

(2.:0) (b.v) =(2b-00 s a-0vob) = (4b, 0D

(b= (00 + b0 = (4.0) +(bo)w.) = a+blo,) = a+bi  Binomial Expression .
Remark -

D i’z (o)lem)= L1.d) = A

») Latbi) ( etdi) = (a+e) +(btd)i |

%) (atbi)-(e+diD = aleo+di) + bile+did = (40 -bd) + (@d+be)i

DEFINITION: Z=(ab)= atbi el .

a=Re2 = Real part of 2. b= Im2 = Imagmary Pt of 3.
2= (a:-b) = a-bi  CONJUGATE of 2

12l = [k eRs0. MODULE vf 2. <= 12| = distance #f (@.b) +o (00D,

2.5  [UASS 2.

Det: ot 2=lab) = a+biel .

D MODULE - 12] =% B . = DISTANCE (@.p) . (0.,02) |
» CONJVGATE: Z=Q-bi

Im2zb |- ----

PROPERTIES ABOUT CONJUGATE :

Dz2=2 { _

» a*_?;:?rPe?,. (5) Zrw = 2+ Pz wel

3) 2-2= 2lmzy |

Woof ! let z2=a4+bi w=(+dr

£ 2w = Wﬁ = M+ btdi = arc-(btd)i 5 75 = 2w
Z+W= Ribi + Crdi = a—bi+o-di = are (brd)i .

LEOMETRIC |INTERPRETATION of Z2+w.

vid |
‘-

¢ LI T Z=ashi - L“‘?D'
B Jla'—-ﬁ'li - cdas (c,d)
[ we 24 :Irflﬂ)-}(lrj-j]{

= -\'\1""\'-'-\ 17+du'

| .
PROPERTIES OF MODULE :
D2zZ=lzP ‘| 3 z2wl=12l Iwl,

2|12l = I-Z| = & 4 121 _ Z|, w#0. Cl1Z2+wl 2 121 +1wl) .
Iw| lw



P\fnﬂ-{';
(1) 2.2 =(atb a-bi) = '+ bai -abi -bi* = ok = (g&B) = 12I”
To prove B), we Shodd prove the lemma : X=zy<= x*=y> for Xyz0 2 yer.
A2 f A Y20 YX-P=0<> XY =0 < ¥=y4. R
So By the DEBFINITION 21 = [0 eR , and 12122 . IE wr (2]-lw] = [2w] - (EHM.D.
Z2Wl% = ZW)EW = (2D L2 =E2E) lw D = 21~ i’ = (2] 1w 8

Rempvk -

v CONTUGATE of COMPLEX NUMBERS extends the abgolute Vialue of
EFeAl NUMBBES -
2=(a.0)=p+oi , 1Rl=]pdo =T = lal

»
2=0tbito = 27 = BB titEl | 1y
Qiate | 22 = ial mb" £Rip | = |2 2laup =l Col2l'=-E 2%
So 2! (1-bD BB = P + ]
VYROPERTIES -

DRez < Pzl £12]
2) |2+wl < (2l 1wl TRIANGIE

LANMA : 7< q&R; X, 37,»0 Nen XY < xzY

Proof: ¥24'<> A-Y'20 @ (XtP(A-YZ0  Sine xy20
Qo XY 720 <> A2y .

Pemavk In pavtionlaw = 1A 7]y < X2Y20

Proo{: N

P Zza+bi 2 A<l =l “m—b since a’<cA'+b

= PeZ2 < [Rez | € !Zf
D 121w il +lw) < [2+wW] c(ngwJ

l-a-. 4'4_..; R .

Baw, 4§76 ;:_:_'hq. .
" }Wfsa ..,s;.llénm




210 . CIASS 2,

BINOMIAI FORM 2=Q¢bi =B,

@)+ d)= (0tc, brd)

(ﬂ-b)(ﬂid) :(‘dﬂ‘bd; M'rb(})

a-(b.C) =@ 0)-(b.0) =(ab-oc, ac+ob) = (Ab.ac) .

PoLAR TORM

2:Pe P12l OcAms. o zZepubi . P-NarB . B= A (Beoan)
0nz=PLosh . 7

sz?ﬁ.‘nﬁ B ol |

- PbosB+isinQ) = Peish =7.e?

Pomovk: f €-0<21zl-=0  POIAR FORM TOR 2z0 (S P=o. O is ngt defue

FPOLAR FORM FOR PRODUCT .
Theoyem = If 2 Wel: 2.w+0 . Then the polav form of 24 S gien by.
[ZW] = (2] Iw] .
Hr\rj{zw): Avqz tArgw — 2k For k2B
PROOE
2= (Poos(hug2) + Rsin Cogi)( Borvaslpgm)  usiolbgn) D
=tz Ry (sl Zthygd) £ f;S}W/]:erfﬁ{gw) .,
CORDIIARY : If 2eC , heN = the polar form of 27 /5 -

2" = 121" ) | al
f-‘srﬂfE")= n-ﬁg(&);;ﬁ, fon ez, 2 eas| +o Prove bj (A duetion

Sine. [til=12 . = i = 12-2%

So 2= (01 = (1il ™ = (B2 27 pgcz) = M2 AmCinD pha k2.
Mg (2D = T okt <G4T ¢ [p,57)

Now ., we HW o ampuil k. Dé@%ﬂjﬂclﬂ_ & 575'5?!'-'4—# Ly

This s 4 BIMINDER of divition by 4. & !

6112 416742 . o Arg(2): (670401 = 3y Gy 2= el < 2T

ROOT .
PROBLEM - we want 10 find all 2eC . that satisfy 2w Tor some weC nen .
REMPRE - 1f we0. 2 2%0 < 2]"z12"2p <= (2]:0. <= Z=0.
THED : let wel , w#o. neN then -
2w = z ="l [%W*iﬂnﬁﬁ%’-}ﬂ)_ £z0,1,2- n-



?mﬂ-F: 2= w <=(2"=Iwl And ﬂrjfznj = H@W. <> [Z]"=Iw| And Hfﬁrgi-ﬂﬂﬂﬂgwéﬁzﬂ?.
< [z = Tiw = unigue pesitive ¥al n-root of the psitive real numbeyr (wi

pud Agz = BOIHL o pns ko2

= Q= &gﬂ%ﬂ{ﬂr e D= A&:j-'m+3kﬂ'<'2nﬂ' :

= AW AT < T -frgw . Since  PEAgW <201 D 1< -AgW <0 .

< -Al<-Agw SR £ NTT-Agin < onTI-0 .
& -UTL2kT <] <2-l<ken. <= k=0.1.2,2 1|
2 b cis(Z2) | kz0,1,2.%
Zo< 72 0i50=2.
2z 3cisk = 2 2 2o
Zz= 20T = 2.

252 206F - 20

F-HEDS.
EXAMPLES: RER<C .

OTHER BXAMPLES : QLil= Ja4bi  a.be®4. QiB)=Ta+blz , 4. bed].
Finite fieldl = 2p-16.7.2,2.. P11 , F44=F. Fg=7"'

20N :SIAQ;,

£ | S mdimem A0 ?:,.Mﬂ

T Ny ATl

POLYNOMIALS ON ONE& VARIABLE X WITH COEFFICIENTS ON A FIEID F .
SOz fodpZ+bY 4 - 50", OAieF., neN .
#Cﬂa;ﬂnﬁnﬂy - Qs 0.0, )

DEFINITIONS i) = 0o + AR+ A4 A K 4.+ QnA" = 400 = bot bt t bax ™+ b3 4. +bwis™
< Qe=br. Vezo.

(1)

X ic an Indetevminaie .

(1) 405) 2 00X £ QR 4 o>+ - 404" 20 <2 Qe=g YerD.



@ F1x1 = set of Al POLYNOMIAIS [N ONEG VARIABIE WITH CLETFICENTS InF
(%) We con defipe an ADDITION And a PRODYCT In FLXO.

Too v Fio = Fix). Fro»Foo 2o Fox)
Z0ix'+ Zbix' = Zlisbi)X' Zaix A2 bix' =2(Z afb);f

—Hut.lh,iﬁz )f‘T- ﬂ;k‘ s.

(Foo ,+.) eatisfies  $1,%:.9, 4. D
U/ P PB, R  (cneck that Ahese s no foo st {mo A=)

NoT A FIEID.
ROMPARK - (OmMpare with (2.,1.,-) Without P2+ we @lled i+ BNGS.

DE} : led {v<aot Ax+@ X+ -~ +0nA" efLn) ftr#0.

) deg {) = Max 1€, Qe tol.

2) \fn dﬂj {0, On= LEADING COEFFICIENT.

D lfnz dggdx) nz\ 00 is alled  MONIC .

PROPOSITION = 1f o0, 9ex) €FLAY, {0 oo #0 + then -

O fi0 G40

» deg(fw-9o) = %Fm +deg400

2) | {m 1900 40 fhen deq Cfixr+900) < max -Fd@ fo, dg(gmﬂi

3.12. CIASS 4.

v 2. A'nj nez . nxo.l, - (an be Wyirlen in A UNIBUE way as (%) times A product
o positive  TRIME NUMBBR .

(Z1+.4) BINU < PosHive Prime numbers.

(Fix1 . +.2) BING <= Monic IRREDUCIBLE TFOIYNOMIALS.

ef. A polynomial fim€FIxl is called IRREDVCIBLE f fuo %o , deg(fix) #0. And
f {m)=gu)-hex) ) g hefixl. = daijm) =0 or deglhi) =o.
Pempvk: fix) s IRREDUCIBIE <= ftx) 40 , and it tomvot be writien as the product of

Awo non-povstant  polyomials .

Dxawple . A% = (x40(x-1)  NOT  IRREDUCABE
Yem = QU0 Mix) - dealx—a0 = = AeACnD + dealheo) = Al =0 O kA =D.



Co Qx> or hex) (s covstant , X-A s IRREDULIBIG .

Hal (A D) (%0 NOT |RREDULIBIE jn C(x]

X4l i |BREDUUBLE In 0ix] and Fixl.

Xt3 = (A-B)(%+]3)  NOT IRREDUCIBLE in RTX] ov jn LIX].

Aoy 5 IRBEDLCIBE in Bcxl .

THEOD - Pthj non- constapt  polynomial in Fixl ean be writien n a UNIRUE As a

constomt times  of Monic IRREDUCIBLE PolYNoOMIALS

(USE INDUCTION To PRoVE BY Deyfon).

Remayk : IT 1S NUT EASY TO DETERMINE IF A POIYNOMIAIS ftx) 15 IRREDUCIBLE OR NOT.
AND T 1S NOT BASY TO FACTORIZE A POlYNoMIAL INTO A PRODUCT.

THB BASY IDEA IS FIND ROU[S.

DIVISION MOORITHM IN Fxd .

for any {00, 9006TIx1, Jur+o, These exist UNIBUB 41x), Tx) e Fix] sy

{002 400-400+ Y00 4 YI0=0 oV dgglr) < deg(9).

Proof- ?f:-f{mfgfx:n-q.rx; ) #,5(;?[::]1 { pex = p:{w—g;m-éf.{m, Yx)=o v .

|{ 4%, ¢# dﬁm: fd@(ﬁn—ﬁsmgm]; ﬁ:ﬁﬁﬁ'ﬂfﬁ SNo. WOP: Js first element in degx.
3= deg (ftx) ~90gm)  Suppose  degvd > dé‘ﬁ (4) - --- Lontradiction

Pefinrtion = (et o) eFixd o AeF Sav that 4 /s a Yoot of fix> +f fla=o.

EEMAINDER THEOREM

let fx0€Fihl (aeF. the Yemainder of the division of fixa by x-a is fua
Proof -

B;pfmz DISION ALGORITHM . ! qux , rixoeTod - i) = (A-AD)-98 + XD with
v(x)z0 oy déﬂﬂf)éd@fﬁﬂ):i %'dggfv’):c? = VX)) =( = Covstomt.

ﬁw = B-00404C . )= 04(@)1C = c=1a) = ftX) = (X-A)4(X) + fiad &
COROIHARY: (¢4 {oveFixl . {th+0- THEN & is & Yoot of ﬁ)f)‘:;?'f{m:a@‘ﬁw:@'-d?



21 ClASS L.
VECTOR SPACES.
Def: let Fbe a field, V be & ser. then v is an F-yedor Space . If there ave two mporations :
ADDITION OF VELAORS : +: VaV —V.
C’V v ) —2 Vg |
PRODUCT BY SCALPRS: «: Fxu — vy,
(2, V) — Qv
Sodisfying -
S1) ASCOUATIVITY : (Wryd+ M = v +(W+ ). Vv w i eV,
S COMWUTATIVITY = V4w =w+v , Vo, weV.
S3) IDENTITY - doeV: v4ozy=0+Vv , FVEV
Cu) INVERSE : VreV. d-veV, vyrEW) =p= EV+ ).

MO Qv+AD v = A-v+ Uy + Yr.ueF. veV

M) (M) V= alev) , Va, ueF, veV. V= SeT OF VECTORS .
M) Alvewd = AveAdw  PaeF. viweV. F=CBT OF SCALARS.
M vz Wev.

Buestion - 14 (M) Say shar  1v=u, why we Say nothivg About o-v?
Cince From F JD V= Q\;J-me o
Properties - Lot Vbe an F-veotor space , v, woueV . AeF.
D VL= WK = V=W
MV = W = V=W
D 0 V=10v; 20v=0
DAv=z 0v 2 A=0 or V=Dv.
4) V= (<) V.
Pu'ao{'-. S .
D) Vthh=wtsh == V+u) + 40 =(w+) + Cu) Since ~uUel/ = V+U-u) = w -

:3—3? V+0Ov =W+ Oy c‘;:*:a V=n . UFV=MTI = V=W usSe The Same my . |

Sz Cs .
?) OF'V“ -+ gu — [?F,V' = (DFTDF:] L/ 'fl"_l D}:'b’* DF‘U =)| Ov|= 9}'”. I
A0 +00Z 2oy 2 Afovio) 2 A0, +200 = A0u=0v.

2 2v=0, we wont t9 See that A=0 oY V=0v. If Jd=0c. we dpme

f A%0r. By Pa. ANEF. 02 N0 =2'QW =GN V= lv=v
= 0=\.



D vz & vat)vz 00 Since v Erv+ v 2 (1+e0)v =0, v 20
MORD PROPDTIES :

D v s wique .

2 Fov any vel, -V is wique .

?FOD]D:

(1) J-F 0.0 are IDENTITIES In IV Sﬂﬁsﬁpﬂg (Sz) , then -
a'-i 0+0' = 0. we have dove

D identity 0 :'dgﬂ‘h'fj.

(3 14 vi Vo ave |INVERSBS OF V. then:
Viz vt O = it W) 2 W +1h = Qv+l =1

= |}

Remowk: (S3) = V¢ simce ovel)

D V= 141 & et with only one element in F-veoror Space.
V»VU—V. Fry — V.

(4, #) = *+4, (D, %) — A,
ond Stisfies S =GCa,  Mi— Mg,

2\V=F is an F-vestor Space.
(F.4,) field (F F’)‘F——-—)F F F_"F) VECTOR SPACS .
vzd'ar ﬁvnmﬂn OF VECIOR. Y probuer OF VECTORS
T =4 .=
=5 $=% (%): 00=0p . $1:%  M:D  M=P M=D M= Py
R is in P-VBLIORS SpALE .
(, ic am C-VBCTORS EPACD .

N (F . D FED,  V=FsF=Toep - 7 yeFd.

Dhtj) 1Ay =A+%" 0 Yy

Ay =%, 2P
Sv. W+ yd = (A+K 0 YtyD = (A%A Yy = (HYD+ (% ).
Ss v =(0,0) 3ince [?ﬁ'J_)'H{‘DJD) = (#+0, 51"9) L [Krg)
Cy. - lj) = (o, *"j)

At on ‘f’lmes

» (F+,) FED, V=" hi—yi’-fFf = Tl Aes oKD= Aoy ay Ks A EF ]
(Ao Ao %) + OO0 A - And = LHK) 2 XetXl o o Aiogh) 206, %2. X3 An) = (A0, 2%z, A7),



HF. 4. ITELD. V=Fixl=SET OF POLYNOMMALS.
Fixl xFrAl == FIA1  Addition of polymomials.
FxFix] — Fix] Production by & constant polynomial .
Ailia - - Oum
6) '[F; +.) HELD. V:Mﬂrmf}":' i{(ﬂ;.ﬂm"-ﬂmn) :rﬂ'{l‘) i ﬂijEF-?I
(i) +(biD= (Aij + bip)

A =(2ai)
7 let V be an F-vectoy space , let X+¢ set = xV-5 . FxV—>.
W=V = 14:x =V functions? 5 vectors. 1”15= A=) = (f19200= {ixr+900.
is ow F-vector space 2f: Xx=V: AH0=21w.

8 = T@tbi.crdd , ab.ceRY = VELTORS.

(atbi, c+di) + @%b+ C+d'D =[ata'+(btbdi, c+c +d+d>)

(A+yD) (athi, erdid) = (Xrydtathi) , (Atyidlerdd) —> C* is a C-vector space .
Romavk: O alsp an R-vector space  CxC2>C" +hen RxC’—C°

SUBSPACE |

Pefinition -

let Ve an F-vector Space - A subser SSV is colled a subpace if S is an F-vector
Space. With the Same ovpevations as V.

THED : let U be an F-veotor Space  S<V. The following ave equivalent=
DS isa SM[?SPJISE t?f .

D) SH*P 6D bovany VweS = vrweS. (VD for any AeF.veS =206l

2@ eSS =i (=(i) .

S RSTACE

)
r:1 | £ Be pa - Vecms STk r'r'l Sner Sg'\'ll "

T
Tu JAELF e 1= UEERY

1|—




219, CIAss 6.

F-veotoy space =(Fit.)field | (V+)+8:.28284, FxV ——= VM MaMz M,

SUBSPACE - S2V. Sis an F-vecror space with the same tperoctions as V.
Question - how do we check if S is an F- vector space?

Qate V2V 55\ FxV—= Vv =Restrier it into S,

FxS ). if Sx8 =& KS—28. v

THED: Let V) be on F-vecrov space , (et SEV. The fpﬂmmj are equnl:
WS is a Subspace (=3 is an F-vector Space with the operations from 1),
B2 S4¢. D if vuweS = vrweS. i) if AeF. veS 2 AveES.

e Does. DVrwes, iiDAef, VES. AVES.

What We need +0 pove - Q) = b
Ng¢

Preof &)= b>.

D. We knon hat amy vector Spuce = nat-empty . Then S is nat empty,
i) 1f S s on F-vestor Space with the Same operation 2 . Then vesrvienpns:
848 8, FS 58 Men if vweS = wwel. JeF. Vel , Avel. N

b=0).

We just need +v prove 1>

Cxt¢. AveS by imd. OeF vl = GV=0,5 8

O= A).

By O-we Mo that S has addition and proguct. (Fit,:), 8x8 2S5, XSS,
Now we cheek the axipm -

Q) vtw+u = vrlwrw)  Yv, W, meD  This hode since i+ hoids Vvow,uéel.
5 We kow vew = wry YvoweV.  So in partizaiar, viw=wiy Yr.wel.
&)=, Duesd

L VeSS, we kow that —v =DV by iD -1eF. veS = ()ves.

M) L Vtw) =L pr+Aw  UreF . v.wed.

M) ULT/H)‘V"R;"U"*,H'V YA uel. VES. This  hold , Snce Th@g o A \/
M2) AV = ALUV)  F A MEF. Ue5.

Ms) |v=p YvES



D let | be an F- vector space . oel/.

Q- 307 is a subspace giig IS S=V s a subspace vwel)
ALF, 0eS. L 0o=0ES. AcF VeV el

DV= R”'—:if:x”ﬂ@ 1M 2eRY . is an R-veolor space.
‘r:-?c?ng,l),mge?a’i €\ is not @ subspate since O =(v.0,0) ¢ T.
and (A D+ (A yi 1) = Osex' gy’ 2) €T
szf[m}j;o)'-z.gefi is a subgpace .

(o0, )ESV . Loy, D+ ('’ 0) = (141, 41 4,0)€S V.
Al y.0) = (2%:2Y102 SV .

) V=R S:-4001:2) : ax+by+z-0, x,g,zeﬂ e R
Since (0/0:0eS  Qotbo+CO0=0 V.
(AY4:22+ (. '1'-5') = (A+H, ryi242)  alw4a) + bly+y 1C(z12)=0.0/
let 2R 2{?{;5:?—) = {3.?L25J32-) . singe M*’bﬂ#ﬂ.‘iw 2 X+ a-bg-r;iﬁ,—«z=§l W

An a' .. --ﬂ- E T b
L. Mo tlade t- + Bindn =bi .IJ : " . :?'l : b-.
v : = t

Ay B L P Omn oz Bown) A0’ \ bm
A - x =)

Let T=40hA--%a): Aat-b1S F" = F-vector space
(0.0.0-DET < bi=bs=bn=0.
Tis nol a subsee i bbeba?0. £ (b-bd=(0,0.-0) = T8 A0:A%-01 & a Subspace.
(ow.0. 0eT.
Kz Ot Xy An) 1 A= 0k ) €T => Axzp. Bx'=0. = A+X) =Ax1 AR =0. = a+x'e].
Az kA el AeF. =2 AR = A IdD 7= 2AND = 1d)o=g. = Axe].

ST & o Cluado by | REET B3 o ubspbe o 1D sy ahac.
DoeR . i) MYeR 5 s+ oD+t 0D = Ary =(ry+ ol eC. Ve
ii> 26l AeR .= QAAER . => Not true since +f A=i.
In ethewise. C is on R-veotorspce.
Rel , R is a subspace.
i) g=o+0i eR. i) x;.geﬁ . DAY = H-rm‘-ry#-ai = f?HjH o e R
i) AeR, #eR = A%z alxt0D) = 2%+ 0ieR.
_s R-vestrr space = R" s an R-vestor space.
pR = ‘?{‘-‘P"’ﬁ functions?.

Ne have olveady checked ©S:S3SaMMeMMs v. -
Lot Y= 34-PoR fontuouct e a4 aubstace. of P



let a fumption O(7) . ©O:R—R, Q=0 S porhiaupus. then DLA) € LCLRD
let $.96C®> = f+9€ (B AeR . Feltr) = 214l
lim C‘F-rﬂ) = ffmf 1 -’fmj. ffmlﬂjo} = ;‘]‘fﬁﬂf.

THEO: 1§ 9.5 e substace of o T-vetor e of V. = SINS; is A subspace of V.
. 1f §%i 16Ty . | > Asi - -
Proof -
D. 065, 069 . 2 0e$(1% V.
f viwes 0% = i%w&% =2 VWS 5 W eSi0S
VWES: Vrw £S,
14 2eF, Ve505 ﬁ.(aef.wgr 22VES s 2redNs..
Aet, VeS; 2 JVeS,,
txawple -
Six 00> 7RI ER. S =1u’0.2), m2eET SR> | both ave Subspace
S0, = $,0.9): AER] SHbQ}HC«E 1
S,0% = § (4:14.9): xye¥) U $00,0.2): 5.26PT  is NOT & Subspace
Since Ciln-2) w00 z (2)11) ¢ %08,

Def:
D let S5 be Gubs?ace of an F~veutoy space V. Then S5 s the SMAIIES
swbspace of V.conteinng SUS: wWith respesd 1o aclu

Prauf : 515 s Q subspale Bommﬁmg S US:z, SnfgaQR?'.

(Ayp) €SI €SS, SR (0,0, 2)€S:2 S5 € B

(19:9) 1(0.:0:2) 6515 . S+ s O subspace = (2D = (XY 0 +(0:0,2) €145,

SRS+t k. > 515 =R

Def -

D e G115y --Sn be cubspate of V. Then Si+Su+-15n s the Smallest subspace

of V. Containing S\USUSs USn.

THEOD:

DS1S: = 010, el rL’pS@;i

P%1% +- Sz Ittt v+ Vi L VIES « 1keSe v--{g:&Sﬁ_ o _

PROOF - WEEQHHE%E 10 PROVE THAT SitS: IS THE BMAIEST SUBSPACE. (ONTRINING S. and Ss |

D D0o=010. e8+S:  asince %1.% are Subspace . - -
i) Vitva Wit Vo wWieS . bh meSe =i+ k) + Muntwz) = (Wt t (htus) € $+ S,
i) AeF. U+z VES: 128 = AUt )= AU+ A ESTS:

b 2%, 18 agnce pes = v= 5‘34+ 551 €3ty

£S5 g5
83.9'-911'9:' st VeSS, = V= V+o | £S\tS:




() We have 4o prove that S t5 15 the SWAIEST pne . et [V be a %bspace mnmr‘m'zg SWS:

Ne have «o prove that Si+S; €U 1S
Vitls €545 = SVESEU. o puel. VB a subspace . hrnel).

Remavk : 9143 is unique
U i& 1he smallest Subspace Gan-l'ammg SUS. 5 ()<clh |, (k< M
Uv is tne swallest suppuce corttining S10%,

238 UPsS T (i) "

Def= the sum ovf wwo subspaces S1:S: of an F-veotor space V is e SMAUEST SUBSPACE of .
V that  contains SiUSs (D

THMED: %1452 = $M1L& » ve$ : L&Egzzf.

i’vaof= LeA X=Jvitn, €8, 12657 . we want 10 pove that X=3+Sz.

Then we have -fo chack .

N7 is & subspace of 1.

NGUSEX .

i If Uis a subspace of . SUS:SU=>XAED

= ?(=Sr1'g.'r. .

Bz Ay, xyeR] + ffmy.z) ' yizeR eo 1oy +(0y'2), A1y 2eRIR
Fﬂr a”y [?‘JHJZ.) ER;J we MUE fﬁ.y;i)'-‘f*-g.n)*r{ﬂ.p;z) ESJ'I‘S},, > The. way i which e write D-'.iy_ai') as
= (K0.0+ (0., 2) £ S)1S:, Virle | V€S . 1heS is npt Wigue.,

S Sa

R*= 'ﬂﬂlﬂlﬂi Haj ﬁ'kjl @ '?fﬂ:ﬂ.r-;] B E&k‘ﬁ
a=X

Df"j‘i] ';{I-lj*ﬁ'-}‘i’fﬂaa.rz) fb:y

= (@ b.g) +(0:0,6) < =2,
Def- DA sum of two subsequences ; Si+S: . is called DIRECT Sum i any vesiwr in SitSy zan
be written in a wique way a5 Virae 1S VieS . Ve9s
Thatt iS5 | Wevir 2 't WoeS khoweS = filf&

». ﬂ Sum 0{ n Subﬁ?ﬂfg SITSZ-I- .84 is DIBBCT SUM if W= ""‘"V""”"*“‘*Vn=M'+b’;'.+l$+m+vﬁ63.1&14”3“‘
'ﬁl"l’ Ul.ru:lﬁrgl a U;.U;E-g:- A" Uu.t}.'.lsgn



D v:U Mevb - Ua=lh
2 %95 ®@S; - @Sa
Exawple :
B=04S, > is wor dieot,

=L ®s - ‘Ffﬁ;ﬂm},ﬂ,g&k“r @ Tei0.2), 28RT. @

= 1.®T ©S; = T(x.0.0).%eR7 @1(0:4.0)  yeR3 Ofwo.d, 28] &
if we have Amy CAy.2)  lers do @ way:

(hy2) = (A:b0) +(00.0). > 8=X, b=y, =2 then for Pioy,2) we have only ppe Solution
@bmuj
(%,y,2) = (a.0,0) +(0.b:0) 1(0.0.6) = A=X. b=y, c=2 |
Now, let's asswme 064:2) = (00:0) + (0ib, b + (ta0,8). <2 3, b <> Tl”ff

L= zY.
Z=ptC a= }r—z.fj .

ft i

PROBLEMS -

D How do we know +hat =318z 7

i Si+5: 20 and amy WEV we fan be written 4s Vitiz s NES: . 12€S: 3 WESITS:

D Uow do we kwow that V=5 0S: 7

Tor any veU check that if i1 can be written as VitlaeSitS: St DES,, hESs in A wique way
We hawe o -theo .

TUEOREM

DS @S is o divect sum < 0=Uttk , UeSi, KkeS:. 2 Wiz, V=0,

NS D@ . DS is a divest SN <> D= Utlht-+Un, UESi . i=l2...n D Uzlh=ls= =th=D,
Proof -

D =) We know that ﬂhy WESI1S: (i be written in A Wnigue way 25 W=Utls V163 12882 In particulor «

€
We know et 0= al—a in R anique way.

Then 1;?=U.+U%-_%> =0 . h=0.
<) Assime W=virUs = V4 ViUWES : LhsES . We want t0 Peve shat U=l Us=UL.
Since 0zwW—w = Vitls -(Vi20i) = Egmwéi Ve 35 hypothesis  Vi-Vi=g Ve-h=0. Duzv, =it B
Covollavy: 5145 = 9 @32 is a divest sum <> 0% =Fo7
o-F We kow vat S8 = Si@S: & 0= VUtin s U6 hel: = v, Lk=p.
let's See hat (0=Tr+is = U=0=1s) <> 308 = $o3
2) Y6802 = 5,08 Since 2108. is a Sdspace  and -=EDP

0= e 153 fp’;ag ﬂSzE-Fv% = 203 =707 (we ktow rhat r%’lﬂﬁlﬂ%ﬁm{f)

«) let o=vitth eS. .69 =7 ’ﬁ alh e 3S0S; = Foi. 0= U +l% {h’ U &S | &S,
> iu.fo i ]w;-o > S®S, B V=05 | > UeS.2Ues0S;
V=0 Vo =D BWeSNS, |2 Poth=0 28, @Sz

Diodle - lek Gi= 0o  5ERT . Du=FKi0, %) AERT.



S.@S, ?%[ﬂlﬂlﬂ)-r(b; o) ‘b)r alIDEP-ﬁ T—'ffdfbjﬂ;a'b)fﬂ:békﬁ, a:x_;g
ler's tuke any tﬁ;o;g) -Fm MyekR  we have: ?r.-.a-rblgza-b,ﬂ_r:—;lib:f‘/jl
Question = What is SiNSz ?
ﬁ'ﬁ:j;%)& S.0%: <= (‘:ng;a)e-S;.ﬂ-f Y=o and x:=2 . &> X:H=E=a o 2,082 ='“t?m,a‘)‘7
(#1y.2) €S2 Y=0 and x--2

Pomovk : The t:oroﬂavg is not true for Nz3

1848+ 8 =39S @Sz - DSn =6 S.OSz:-Faﬁ , SLﬂS§=FQZF 8- 08 :fpz[
BUT SHQ:—‘VSE, = 91@51 @3} — 310{92195) :’50‘5] Szﬂ(ngngs) :‘?Oﬁ.
We Wwill ¢ee in Mgebra B

LINEAR (COMBINATION .

definition -

leA V be on F-vectoy gpace ViV - Ui, WEV.

We say ot w is & Linear Combimoction (LC) of Viive--Ua if 320.22..2m€eF St
W= AV +2Ve 4+

D Chek tat L1010 15 & LL of (2,1,%) (1:0.0) and (0.1,1).
Cleos1) =2102,1,3) +Ded1.0,0) + D3(0,1.1) =2 ‘f‘;;?f;; @‘f:;_;’i;l @i;};;;}
-‘-‘l(?’-l&)‘*f’*)fﬁrhl). I = 3. +23 Az =22 - Az =0 .
D&fi G482+ .~ +S, = Qum O—F SbLbEP% = SMANEST SL?E?SPHCE ch V .contun Si0S,-0S
Def: S @Sy = Diveot Sum of © !
vef: LC = Suw of Jeolavs times vectors .
Definttion - LA V be an F- vector Space , Vi In€L) .
SPAN (Vi.Va-..Un) = SPAN (f1,Uz .. vah) . is the Smallest ( with respest 1o function).
swspace of V containing e set fviive, vl
Pemavk :
l.eA V:SPan{u.,Uz..-Vn), U is a Subspace and Viel) for any i=1.2,.-n
Vel < Si=T12v.2eFiI<0.
=2) VieU22VieV. swe U is a Subepace .

<) Viz el

THED? Span (Vi ;- V) = Smallest subspace  of U containing SUS2 USs+USh . Si=12v2eFd.
= 9|"I’91-+--~1'9n.
=42 2\b, Db, dnln L 2ieF ] = Set of LL. of Vi vn

Definition

Ne Sow <ot the Ser T14.Va. Va1 Spans the F-vector Space | if
V= span(V. Vs V) = SCF of L.C.of VieswVi =T20U 2R +2 s, 2€F - +120n, 2EFY



Bquala:-
D Fely:5yetd = pan(Fliod, 01D, (xy=201.0) +y-(0:0.
Fﬂ; 9 o (‘f?”?‘h""n‘lz’) PZ-[J'JD&G;-"I?) . B=f§:hqp-~a} = ad F‘J=(DIDJ“'§; f),_

\ettoy space - <fu.+) 7] T AXioms.

F-subspaces = subsets of F-vector space which ave F-vector space.
Intessotion of subspaces is & subspace

Sum on wbspas.e;a Si1S2+ 4%, e SMAIIEST SUBSPACE DF V CONTAINING  SiUS200S3--USa.
THEQ ?mvn---wn . VIiESi iz1.2.--nq
In parctiouloor = Si=12vi, 2eF T Coheck ot Si is & subspace of 1)
854S+ +Sn = f AV ZVar o+ IV, A meFY
e ot of LL of v vm
Pef SMAIIEST SUBSET OF V CONTAINING. 5:US30--0Sn

Propogrion ¢ ] ) Tv. . vt
bef  SpAN (V... vn).
on]?ogj-ﬁon : U is a veotor space : Vel/ <= "f?!l)r ,AEFT e U,

ExXawple -
D (- veotor space (° = = SpAN (10, (0:1>).
(a1bi, trdi) = (B+b0)-L1.0) + (Etd)-Lo. 1),
{19, 007 does not spon the R-veotor space C: (. 1) 34ul)i0) + ta(0:D , Ui MoER.
?) B-vectoy space 0 =>C - fa}?aﬂ‘?fhﬂ): (i.0) s (0:1) ,{D;I)]]_
[a+bi, Ltdi) = a(10) +bi.0) + clo.1) +dlp.i) a.b.c,deR.

5 Lot S=10xry.x.29) 7,yeRN ER. Find a spanning ser of S
f“*ﬂJ*?&]) = {z.?r.u)-r(ﬂao-}g).: Al1:1.0)+ 5[1;032) > S:'S]mnfa.i.v) (1,023



0. Span (011240)4 (0:1,1)) REF SmAIEST SUBSPACE OF R® LONTAINING 7 (1.2.0) » (0. 1.1
= falh2.0)+ bCo ) : a.beRY.
= f(a.221b,b) . A.beRT 3 (2.2.10).
= 'i'f!hjji)‘- Y=2%+2 1 %: 2 Er?-gl. —‘—'ff?l':ljn lj-Z-H] ' Y, X&Fﬁl
= Span (t110.3), (0.1,
THED: let V be an F-vector space , X<V a subsert.
Considev : f-182Vv. S is a subspace of V X287 Then  Span (%) =5Qf3.
?’roaf: f:tqb singe Ve]f spmrx)=sﬂ¢5 &SQFS s & Sabsyaae of V,
3 x<JYS. siwe XS VSef
SMAIEST ¢S €S Vsef

D) SitSp+-- 28y = '?I-"TVI.-'“""VMI V. eSiY = 'f?lnv.‘fhr\b*--'*ﬁnlfn ; l.:‘.-.égrll.
= Span (%) . A=511S:0-.. USn.
We (on apply the theovem for X=SWS:UV- LS,

? ‘BPHN‘rv. oWl X=Tu. V3 - Un',
We Con apply the theovem for This X.

FINITE DIMENSIONAl VBLTOR SPACES
Pe{: An F-vettor Space V is fintte dimemsional f Ix V. X {ite , st V= span(x),
Thett is A= fu vl V=span(vite ) = SV Dalb+ 1 2uVa + iRz - 2n€FT
Vis Infiarte dimensional if it is not +inite  dimensional .
Netodion : V has finite dimension  dimgV < oo
V hass infinite dimension dimpl = oo .
Erample -
D, d.‘mFF" <00 | gipe (XX .. %) = % (i:0 %l--a) 4 Hzf.—.rf:u,o---a) + 0 1 Y rmaef-?a, 17,
2) dimpMmun LFY <00 [:;" i e, } < GuEut@nEat* AmnEmn . (Eqes Ff B 1) il e

L O o (k,8)$Li)?
I "

Mm;anJ = S-Pﬂh t Ea. E-lh el AT, P Ewmi --- E\Mu)
» S- S?dhl'[m.o):fml.iﬂ = fta, 2x12,2) , 1.26R1 | dimzS < oo
4) dn"ml:hﬂ = o0



Def: A sequence of vectors (Vivs--\i) in an F-vector space . V is called Lineavly Dependent. LD.
If 32 22 mEF » (M d2n) #(0,0.0,--0) St AVit Dbt -~ +Anlh=0

Pet: A sejuente is Lineavly Independent L1. if is not LD,

An Infinite sequence of vectors is called LD if it comtains 4 finite Subsequense is LD

L1l is in the same Property.

- —
Cospurn: CF a L

Elanmes:
i o0
et :...-'.- i ?*Q‘“:Q

23 CIASS 9.
- Wa M% H"ﬁz D as ﬁ‘ﬂffimi -LC" o—f MIVJ---W D___ F'VJ*DVZ""""‘"GW,
(i V) is LD = 0 an be written 4s a L.L. of wva.--Va in & non-Trival wgy.

Pranmyie -

RPemarark

Do is LL.

D Fv, eV, o] LI

EE») TU- Vi Vliul'“VHl" )-.D Since
V=4[V OV 0+ DVn=0.

(o vevs,..) LD D= )D+0Va---

Y (VW) LT < Y+ N30, and W2V, AEF

<> VinFo . Néspun(w

|.f|/

o, snd, U,a,ﬂ‘) &)

200 allo Wb cling) S
= (o4 (o Qi Y

let's prove (5.

<=) By contradiction: assume (viw) ave LP. =2 dab st p=Qp+bw

{ bzo = 0zav. V40 = a=0 > (4.B)=(0.0) [ontvddiction

f bio.® wZBV o2V, ne % Lomivadiction Snce w# iV wésrm{u)

2) Assmme (1iw) LI if Vo= (1wW) =(ow) LD wz0is LD IHf w=2p.
= (Fw) is LD. Since D=2V+ [-Dw. D itis LD

Therelme |, e all rses are lomtradigtion.



EXAMPLE!: |INFHNITE |L.1. SET
xR oA™Y i Fix]  Fisa fed. s LI
Ne have check +nat any Hfinite  Subset js LI
D= QA"+ QoK™ + DoA™ 4 - H0sA® <5 Qi=zfo=. =0 j3ie JHE
since the 0 polynomial has all fisite coetficiems.
EXAMPLE -
1010 {719-’7’)1} s LD (g,000= ¥ |s0:1)+ (3,0:)).
= oD (207 (LS50, A s LD,

PROBLEM = Whot is 4he ponnetion  between LD sets  angl Spavming sex <
Woposition : let V be an F-veotor gpace » fvibs, - val £V. Then -
The list (Vi Vso-Vn) 1% LD <= .:,Ij. 'b’]‘é&Fﬂl’lﬁFuUz...Vj-.—)‘ for }fj_-gyl_
In his case : S-PﬁﬂtVuw--r-Vn) = RFan[P"hlf:---'lf-'j-th.,.“ ")
Proot:
>) Assume. (ViiVe, -Vn) (s L.D. = p= WiVt TAnbn  AieF st 1k Ae+p%
i nod empty omd fivite . |eA j= pmax Tk: De 307, Them: _
D=z 2ViadVa koo A-Vju + A5V, = Wj:(%")b’» *(%JMT{-%—}')@T“'* :'—,%’inf_r—u.

Vi & Spon (Vi Vs - V).
<)af Viespan (hh, - Vi) 2 V=242 4tV D A €F

0 =AW ‘F?):V;-f-v‘!f’?.lj-! J‘—I‘I'{'[>‘% T:-"’?V};Vz;}j]‘jﬂ}fnﬁ s .L.b ﬂ
w45 cuse, 175':- MV 2Vs + -t 24V,
D+ Qs + -"+ﬂl-1{] + - 4 On¥n = AV, +£§'ﬂf'},‘l‘“'fﬂj‘4 )%-l T%fﬁ-ﬁ1'--+’3j—|ﬁﬂ)+ﬂjﬂlﬁ+: + -+ Al
:{ﬂl*ﬂjﬁl)b‘i -+ (O ‘fﬂjﬁﬂl’n <+ cen 4(5'1'-—]1&‘,125-!:) VJ—'! + aj-ﬂy:‘]ﬂ + o+ Ok
>SRN LRV V) Va) 2 SPAn (oA U V)
FXDWTPIL
Sﬂ QWH (fli[}'ri’);f}iﬁﬂ):(ﬁ;hﬂ); EDJ&:U): EU:GH)) E—:P}

= 30()0.9) + blz,0,0)+ Clo10) +d(p.3,0) + eloon1) , ab.c.d,eéeRY
32! (110:9) 4 Span (@) = SMAIIBST SUBSPACE CONTAINING @ = fco.0.0)3. = j41.
B2 (3.0,0) ¢ Span (Lhoo) | Siwe (20.0) =2 (1.p.0)- V-
=D SPSPaﬂfﬁhaaa’) (0,1:0) 5 (D3.0) ) (o0,)),
To the came. woy> Comsidor =3, 4. 2 S=opn(l10,0) 1 (0110, (0:0,1),
Bommrk :
ol < € Span(g) = 107 < ¥i=0.
2y & e Span () <= 1, A LD
7 Vs & Span (V; )<= fvan.nh LD,
Vi = 2Vt bk



Propogition = Let V be an F-vector gpace + v b, Vs -l is 2 LI ser,
SWiWes Wl Spanning set , that is /= span(wi sw2 s ... Wa). Then m=n.
THE CPRDINALTY OF ANY LI SET < CARDINALITY OF ANY SPANNING SET.

Now » we need +v prove the proposition.

leA V:-.i'.?ann'wuw::w;.qu) = -fw,mln vh Wnl ., #HBo=n .

STEP | = vieV = gFaH£WIIWPJ*"Nﬂ) = {NI:Wz u—wn.-‘v’:jl L-D.“fr':?‘l‘}’?s}‘\hfl'ﬂzwwnﬁ L.D.
<=5 o Jizl - SWANBST wj e SPMCVi, Wi, o Wim). | 8t Vi 2wy AT
V= opowt (W iwi v W) = $pan (Vi wiy =mn) = Spon (Voo o Wi o Wit - im)
E’lfva"v"uwl-““fﬂjrl.wj.-tl Wl L #BEN

S16P2: Vs eV-pan (v, wivs - Wi coown) 22 1V Wi oWt LD < Tt e Wi W] LD,

< Tp. prre St Wi € PIVove e - W), B #Bizn |
—_ A ————

=] V: 5?“(‘:5;) = %?HHCWJW;W| e qu- ...HH) = g?ﬁﬂ f].a';.» Ve Wj,.;;kﬂm---ﬁﬂ).

s n

Q'TEIF M : Vmﬁv-i grﬂﬂ EB‘M-D = QPQH(MJU}H- Vm g e WJFM’I .-ij-rl ! Wr.)
"@ '?1:"‘.;%@“}‘,“ ;WJ}W} e Nj.-h’jl:!; '“hﬁﬂ: anl“‘! LD =2 M< ﬁ[%u‘m.']UBM-lﬁJ = ]‘f‘ﬂ
VL. Cumnet”be oupty. <2 MERN .

4.2. CIASS 0.

last class = We get CARDINALITY OF ANY SPANNING SET.

oWl LT, V= pan(e we, - na) = men,

ADDICATION -

Pl subspaces of R* are fo,01. R and L=fatap),abeR’ . b 1o, 2eRT.
st we theok L ave subspace : - -
//éf S be n subspase .

S subspue = (0.MWES = o) €S . If Lo =S > We haye done.

4 fo0h1 ¢S = Ftaber’ (ab) (0,00 : (ab)eS.

S sbspce , abd €S S AabdeS | YacR = L=Talak), 1eRTES. |

f S=120a.b), 2¢R1 We have dome .

¥ -f::fmb);(a;?)#fﬂ.ﬂ). 2eR) €8 =T led)eES, (led)+ nab) VIER.

= Faub).ed) is LT

}22';-51".1.1) = 5010 +y(o,1) Z;y&kzl = Span ({1;0)1{0;1))_ SP;“"? (EH 7)) ;(‘a,l))l LL ,
= (7)€ Span(tabdi(c.dd) =T Mab)+Dle.d) + 21 D2 RT. €S

>Rcg 2R¢8cRk® 5 S:F°



THE0D: LET V BE A FINITE- DIMENTIONAL VBECTOR SPACE , AND LET S BE A
SVBSpACE OF V. THEN S |S AISO A FINITE DIMENTIONAL VECTDR SPACG .
vaﬂf-‘ V finite - dimentional <= I fint set X < V;\/:Span LX),X:*‘FHJ 2 e b
I«F S:fﬂq‘l :SPAH-F¢ZI =08 s finrte -dfmmiprm{.
f net Fv.eS vzo.
f S=Spanlvd = S is firre- dimentional
f not 1 Spanled 68 > TkeS, Vid Saned = T, w1 L1
f S:SFaww.;\h) 2| Q| FD.
i wot spanivi, v %S , 316€S, v ¢ Span(v,,vo) S T e LT
Since. the CARDINALITY. of any LI 8¢l is =N This algovial ehould Stop in step
S=spav (Vi v .v) =S is F-D. oy ken.
BASIS .
Pop:
A bosis i & veotor gpace V is an ovdored LI. Spanning Set. That is :
Bic a baosia <=2 B is L1, and I/:sysam(,&).
REMARE © B= 0o, oWl V=8panl vhite ). <9 ANY VeV (AN BE WRITTEN AS A L.C.OF
T T AE V2 AVt Vs + o+ Al = Vi1 it ot pabhe= D= )1k + D loVs + m+l‘:71n;ﬂnlvh.
Bis L.L. <2 Vown be written in a UNIQUE WAY,
Bxowple -
)R- ii,g;..j@ji;rcnam) tYloi o)+ 2(0,0,1 1 ﬁfg;aéﬁﬁ.
Lan be wyitten in o UNIQUE WAY.

2V - @;_,, = 'Fifhﬂ;l?)a(ml;v')u‘:majljjl is 4 basis.

I&:f][a.ha)r[a.o;Dr(ha;a)zl (5 Qnothey basis.

I?Iuj;ﬂ : y(hlo)+2loo,N+5ll0,0)

DRE f[ﬂ;ﬁ-rlj,?f);?fujéﬁjf is 0 Subs?aﬂe
tind a bogis - /ﬁﬂ?ﬂﬂn?ﬂﬁ list .
(A 2ry 8 = L6 00 K) 4 (02 0) = K1 LD+ Ylo:l10). Szﬁpan[{m;f);fwm)).
all:) +bl0.1:0) = (00,00 = 4:b=c. = L1 CSET.

B= 11D, (0,0 is a basi {frvr S,
3) Ralx] = ‘f?fx) &R por=0 gy deﬁfpmﬂ €39 = ‘fﬁofﬁu?ffﬁzxﬂﬂ;)f’; Qo014 ,02 6’422{ .

z 9Fan£l NINY :‘ié'_]______g 5Fﬂnnl\ﬂg (ist.

bot QK +0K + QsW =0 <2 Qo=(1= Q2 =3=0 LI
B:=F1a.50%1 is a bosis of RIx]
4 S:= SFan({ha.n); (2.0,0). (1,1,0), (z,l.a)) = SPan{fha.ra);(hha);f:m;a?) = SPan[(no,ﬂ) (hha]).
(;;o Bz flioe), (L1LY is & basis r:rf S.



Problem- HOW (AN WE CONSTRUCT BAS|S FOR VBLTOR SPACES 2
THeo 1 - any Spanning list of V comtains a basis.

V=apan (X) = I B basis 1 BEX.
THE0 2 : a'ng L1 Setr man be extended v a basis.

YEV. Yie L1 . =3B basis , Y.
Proof : (we will write the pvoof only fov finite - dimentional vecior Spaces) .

(Nt Frnite — DINGNTIONAL , we use ZOBN's LEMMAD,
(1) L&T V 1% F:I) X (s —fqufe. ‘ 7{:1‘#\1; Ha-u-mzl:,ga.
S'TEP l. |‘F Wi=p ., &= Bo\ 1w J“Ip w0 Br=8Bs. :-?‘SPﬂﬂﬂ?v’r) :Sm’lﬁeb)
STE?P z. I‘f N}éSPﬂH{E’I-) =2 2, =B\t w7 f‘fﬂ Wa&:SPﬂHCBD = B,=8, = Shan C&;}:SM
QTP N 1 wne PanlBnd S Bn=Bu\Fwnl. 5B, is a basis of V.
.f MHGSPMEEM>5 bn=08n

V= gpan (X) = span(Bo) = Spanllh) = - = Span(Bn).
We can use INDUCTION <o prove i+

Span (Bn) = Span(By) = Span(x).

i nz). SpanlBy) = span(Pd. IH. v

Take n-1 . > Span(Bp) =Spanllns) = span(By.
Now, need to prove Bn is LI

Asswme Bn is LD, BnzFvive-iel LD = J¥ sb Ve Spanlvi v Y K. Va).

Bt b’J' g . Weé Efamfwm%‘..} < 2panCle4) LONTBADICTION 10 step k.
= PBu L1

(OROULRARY: any vectoy Space admit a basis.
Proof : V = pan V) 2 3dABeV., B is pasis,

= By is & spnning list,

Now we prove heo 2 .

Vis F-D. = d% firte : stpanf?f) Ifyis LI #Y <#X.

=Y is finite .

if V=9panlYD > Y is spanning <et and L1 = B=Y Basis

f not . Span(V) £V, Fviev Viésan) = Bi=Yuiut Vs LL

I V=3pan(B) = YEB, B iz basis.

{ wot ) SPantBd £V = IvieV. Vig panlPd = B= Yufvusd Yis LT

Tnis has 1o fisish in & fisite numbe, of steps since CARDINALITY of LI sefss#X.
Q‘WP at 51’%? | A V;‘}PQML'BP) , Bk 2L and vaanm?ﬁ lst = V< Br . Be lmasis,



4.7. CIASS |1 -
PropoSition : An Y S}Mnmﬂg Ser contams a basis.

—

Fe=r - ‘-a"*s; A Shesrea & ST By ?‘t""'“l"40'315“{'__"\k ! L.

2. pg LT 5e1 Cam W mAey T s PR

Covollavy: Any Subspace S of @ veotor spoce V admits A (OMPLEMENT . Thot is . IT<V . 6 Subspace
st V=S@T (any V&V ton be written as The sodvion V=Vitz . Vied, VieT).
THED :

Sisa subspace of V=8 is a vector space =>AB a basie of S. = B is LI n S.
=2 Bis Ll in V= B<cS let B a sk of V.

B=BUB. 2z PPy )
let T*gpanwy) lets prove that V=8 @T. V.

S+ = Span (B + Span(x) = Span LhBy) = Span(B) =1
sNT= §0%:  Since o4 € 8NT.

VESNT = veS avel . Sob Bi=fur ieZd. Bo=Tur, ie]1 B=2iBs. i5 a bass = A/1BS

Vz AWt 10eVy =bWit s thmmwm. = 0= AVit >+ Aele -bwi - < = B . Sinee. BUB:2 is LI,
ey -

= ﬂ|$ﬁv=“"5b1:b'r:ft--f-bm, = 0. :51[)51.

PIMENTION

THED: let B, Bu be Two bosis of +he F-veotor space V. Then #B, =#8..
Proef: Busic = L1 4 spanning per.

DLV, Py opaming ser => HB < 3By

i, B Spanning set => # Bz Hbs 2 Then #B =48,
Vek: dmV = #B. Fov B any basis o V. called e dimenion of V.
Ixample
DE", ¥2.2s,..en1 i b basis  &=(0.0, 100 0). & d@.FF =N,
2D Mum (F) - 1°F/.] , l=i€n, IEjEmzl 5 A basis B.J (“I"’ ") damfmwt,c:: = Nxm .
» dimcl=7  dingC=7
U= 3pan [chod . Lord) | L.T.

> dimeC =2
L span [ﬁna"l, liio)s (0:1), Lo, i)) la+bi, Ctd) =alli0)+ bli,g)+ clo,D+dco. D,
£010) (000, (i) 0,7 is LI im R,
3 dimpl = 4.



THEO L : 1f S is o subspace of V. Then dimeS < dimsV.
Roof: let &1 be a bagis of S. B a basis of V.
Biis L1 inS=B is LLinV
By i a ?r}mhninj set iV, = 5B 5B > d:FnFS Edﬁﬂf,l’_
THED: Let V be an F- vector space  of finite dimerition ) that 15 dimglV/=n. let BEV.
dﬁm;:V‘-' N, ~them -fvilﬂm'ng are quivalent : H:n
a) P is a basis ﬂ-f V.
b) B s LL in V.
c) Bis a Spavming  set fov V.
Remavk : false for l'nﬁifrife dlh&wﬁaﬂr
KA g ie LI gn B but 14 nod 4 Spanning Set
Praof
N=>b)V. PBasis < L1 t Spanning = LL.
b=2>e):= Blis )l aV , #&=n. 38 basis: Bey ﬂB:n:’dﬁnﬁvﬁ # 8
> b= > P BpArving St
0) = 0 : s a ‘"7?&#11!1‘-!13 set > 4Bz ba&:s B cep
#l =dimVznc 4B D ez DB /s a basis.
U}({AWF
DAmgl =2, js 7lii2). i1 a basis?
rmb.).{fm ,2) +(6+di)C2i,2) = (o-b) + ath)i 2511210:) + [2d+2¢7 5 30+34:)

_(fa*b 24)+ (G+h 20 , 2843¢+ fzbrﬂd]) z(0,0) <= Ffﬁifff 20:bt-d=0 > /s buse

;ﬁ‘!’?ﬂ-"ﬂ
3) B ;fl ﬂ)jﬂ:}) lo 1 b,} {F;§J1>1 s a basis ?_—5 Siice ﬂ':m}-.i’} ™

A (1 4z, ﬂ;:) + M f?rhbg-j*l';ﬂ}(rﬁxﬁ; D = (0.0, .r?)

S (M 0ath i 10+ W +X) = (0,0.0) 2 Ni=22=25 =0

Bis LL , #6=% = B is o basis

D BT iaxtbn®, Aeex, #1 L1 in RDI . dimgRpd = 3.

=B i a bask. |

PROBLEM - Compure. dimV/= 2

THE0= If V=515 , dimV<a Then dim (518:) = dimS, + dimS. - dim (50%)

Ln poicular = dim (5:©3) = dim5 +dimS . Sise
'F'raa{’-. @
let v ve-- Wl be a basis for 20% 2 fh. e v s LI in S and Sz,

We can exdend 1his set 1w basis {or S and Sz

Biztth o Ve, Wi UsT basis fr S D dinS:ris s We mve 1o prove shat

e: - ?p’} Ve ) W h.lﬂ bagis {W S “adj'mS;: V+E. Aﬁw;ﬂf.g; = r+8+ Y+k—Y =yistk.
loa's Prove. +had B=fuvii Vs i ocde | Mo ided 14 4 baasie of S48,



Span (B)= 9}’&%&0%, = 9pan(py) tspanlps). = 5182 2 B is a4 spanming Set.

Bis LL: €S, €S,
0=0Vi+1arW +hi +-+bsls + Ciht " +Crwr <2 QVit - +0nfy +bilhit - thslis = CO Wi+ v HEDn
=VeSiNS. = Low+(ddnet v FOwe £S508 . = A+ Dle+ 2 W | Since

T Url 19 A leasis D"F S0N3: . gﬂr‘ Q;AJV;‘I'A;V:.‘?H**HFVVT CiWrt Or aw v+ G P2 s LI

2> Ci=Cv= =0~ D= - rz0. = AhtGaVet+hrirrhinthizd « +bsus=0. B 1s LL
Dh=v=0y = b+ wzbs =0

So B is LL.

44. CIASS 12

Question: Si+S2 =2

5+S e R dimStSy =4 D R+R:=R"

THEO: 1f SV subspace , dimV <co n dimS =dimV = S=V.
Proof- let B be o bass of S. S Bisll inS. =B LI in V,

1 = dmS =dmV. 2 B is & bass in V. = S:&fﬂmf&.):v_
ook : THE PRoVIOUS THEQ 1S NOT TRUE WITHOUT THE ASSUMPTIONS :
D34V S=$ix,00, xeRY V=*§[a,3>. U&R?I . dimS =dmV=]. But SV,
DdimV=a: S=Tp)eR6):po>=go=01 & Roil =V=F1x.2% .1 dmS=dmV = co.

P?u-l- Sy
DdimStdmV: S=T060): 7RG X', dimR’=2 <o0a. But S3R

Matyices .
Mnsml(FD = Setr of matvices of ovder nim with coeffzients in F
A:(‘?‘""'a'“‘] = motrix in Mmmlp) = Set of nym  2lemenis in F. Avanged 1n m Rows

pai - Om] ond . LOLUMNS.
Pnj - coefficient m ROW i , (OLYMN J . -:;J']
Ri= RIU‘D = i- Row = E.ﬂnﬂiz Aiz - Ph'm]. .C; g ijpl) '—"'I-A:nj

HE'*MMMIF) hen A=B< (nm)=(+t). and ﬂl_'j=e7aj Vielinl i?jd-t:hm],
meimsz
ADITIONS:  Mwsm(F) 2 Mwsm (F) —— Mnsm (FD.
(A, B) — A+l - (ﬁfB)rjz AJ'J-TB-J]_
PROPERIES = (S1) ASSOMATIVE.  (82) LOMMUTATIVE .
(Ssyo-= ({2)
(84) -({’"""ﬂ-m) - (ﬂ Qo )

.
4 1

Qni - - Qvm “Ani " Lham



?radu&f b’l’ .SCﬂ'}AYS: FK Mnxmff) s annfj-')‘
(2,00 — (2A).= DAjj.

Propeyies :

D2 (AB) = AA+IB. € Musmlp).

(24m8))i; = 2:(AtRlip= D rBy) = DA+ QB = (2A+2B)ij. e

DA = 2A+UA.

2 QMIA = 2.

4) lgeA=A. VA

= Mwm(F) /s F- vevor gpace

Mrson (F) % Mmss (F) —> Mnss CF) . [ if n=m=8= MalFD = Masn (FD.) |

Mn I x MnlFD ——= Ma(F)

(AB) AR, (ABd;=2AiBy = <RiA), (i(B)>.

:P{OFEH'IE’E’ nAm S St o vl SIb
P . Ass0Lint vy - (g = A IEN}) (E"A-%)t?f):j = :/A ~(B-GJ)§ _

A L AN T RV T P

Ps . |ﬂ$n+i—-nj InA=A = A lm
Is - [‘ "] (In Mo (F) . 1=14).

A S MIS v WSS pem MaS

Dismbwwh-j A-(BtC) = A+ AL .

D A(AB) =28 = A(2B)
DAA:=0TA = A1),
Remark - (B) wmmw:‘uﬁ-j is Mot true .

LAY CACNER)

e A A - AA'=1d. NoT TRug.
L) )

A A ¥, =341
AP=0 £ A=0 o B=0

(L (g o)t

+ +
o) o.



EIEMENTARY OPERATIONS ON ROWS. =EIEMENTARY AMNATRICES
element opgyations

V Ri <> Rj intevchange Rows .

2) Ri— aRi 020. pultiplicstion with A .

%) Ri —>RitaR; i+]. Replace Ri by Rit4R; .

T = | o v
DRCER HE e Ri<>R = FyxA.  Id—Fy (O % 1) =
é-;?él*-'?-‘\i Ci+Ci: APy Id—7;. o 1 0
L
(v
D Mila) = :}- T Ri—aR Mi@A . 1d—> Mila) r ({_':; ; 0 )
C‘_‘ ' Ci—alr AMila). 1d— M:(a), o o |
o |
o D
)] Tl‘jfﬂ)? 1_0 Rt'—"’Pr"f'a%. Tijf:ﬂ.)ﬁ Id-—’T!]fﬂ) (Oa (2;
e ] gograg. AT@  1d— Ty, pojf:
I | Bl i I |
o l_'n---:]:'~1 ?i:[ﬂn ﬂr:---ﬁ
Prnpe,m'ES: By = (0 4
G
D Pij-Pj =PJ(RJ10’) =1d. Fo | ¢
SPPA = A b o/

2 Milo) Mila’) = 1d .
?) Tij€a) - Tij(@) = Id .
oxanple 19 prove the properties :

~f1 = . loo dn | 4, On Qi ﬂ:
Id-(D‘T:),!__, P‘ﬁ =(a o ?) E 2 A:(am)‘(au ﬁzﬂ;) T (1-,. aﬁa; 9

ool Pt‘-‘bp.-l e llp 10 (sl @ Os3 Rz Tz D2
Id=['°° | 0 o T A=[! 20\ [0 ta as)_ [ Az O

oI O)“—_""ﬂ“‘ (‘:‘. | DJ - 2| S/ 0 Ox Oa O3 it Pt Jaﬁfﬁ}

ool ?L-;Fz-rm] o o | o ol 7 N ™ QB I a'g; [/7%)

Bthemh )] o]

A G vﬂl; I o ©
T (-4)-Tals) = (f o ﬂ) AT:.}M):('H:I N ﬂa}} 9 1 4
= 3 :; ﬂ: : s Oz 42/ \0 O |

Ay O An+4f2
R: —> R+ E4)Rs kz‘l’("i-)ps +4 Ry —> R | Q. O  O2+402 )
ds) G (k2 +40s.



-péif‘ ABEMuml(F) . We say that A and B are ROW- EQUIVALENT f there exists
a finre nwmber of EIEMENTARY MATRICES , EiE: Es..-Es, St
ES----EI‘:q =E.

Remavk : THIS REIATION IS AN EQUIVALENCE RBIATION .
Reflexive s ld=Mitd) = A~A since MicdA=IdA:=A
SYMMBTRIC = P =Py Mila) = Mrta) , Tijlay'= Tgc-ad

A< Es EA=B & AEd - E'B & BrA
TRANSITIVITY. A~P . Bnl < EsBA=& B LiB=C. =L titsth=C,

> Aal.

|ll>n

Iof:ﬂ

|| & 5 | 2 (I T [ — |a
*"_T‘.-"“\ e o | "F’_.-—-?.-ET.Lv e | 'E_..'R '??s{

| -d

I \

Fra-ty (19 ?qeefoe | Fill

|‘Jru}|(zrﬂ| eiffy 1 @)= g
goa 1ol 10 9

.Lc.n1

CIASS 15.

Row\ CO[UMN .

D) lnfmmﬂge yows Ri and RJ,

2D Mubtiply Ri bg a non-2gro Scalar of o EF,
5. Replace  Ri by Ritak. i4j.

(Row) EIEMENTARY MATRICES.

-)M“—"iﬁ»%-&"ia d. A— PiA.
D 1dB2R8 mia) L 14 A— Mi@)A .
%) [ R2Rirag Ti,-m).:ﬂﬁ-: 4. A = T-A.

COL. A=A%. A-AM@D. ASATim.
Vef: A.B & Mnxm (F) are row eguivalent ¢f I&.E:.. Es Clementary matvices . st
Bl - LeA=B.

Def: A matvices A 6Mmm(FD is called Row Echelon f:

D The von-26v0 appeovs fivst. Ri.Re--Rk non-2erp. Reel - Ra s 0.

2) If the fret non-zevo elememt in % oppears in Colwmn S:. Then S, <Sz - <Sk
2) Ais; =1 |<izk.




Def: A matvix A is Called Row-Reduced Echelon of it is Row EChelon and
eoch Column Cs; has all its elements equal o except Adis=|.

THEQ: If AeMmmlF) | then existS EcEx - Ex elementory worvices st
Ev-ExkA is Row-Reduced Echelon

Trme  Tren WM A earm i< W
0 1. 0 il

Aﬁ b ;T:_‘_(.‘z\] #‘5 = \7_172_._: o | Il'-, Pows REWILED
R —R + R, o

RS I—————————
§ysrﬁms OF LINEAR ERUATIONS

A stom of n lineow equation (n m wikmows s
QX +Bnde+ o+ QimAm=h. ﬂfj,b-‘EF. ave The M&Fﬁ'ﬂﬁerﬂs )
' A ¥z oo Zm  unknows .

Bm X+ Oy + ++ O im = bm,
Poblem: SOLVE THE SYSTEM : Find all (%%, . Am)EF 1hat Soisfy e System.
R@mmvk:
WE CAN USE MATRICES AND PRODUCT OF MATRICES To REPRESENT THE SYSTEM |

O O - O e 7

Pi:[" \ ) b:[ ] : ?f=[‘-1‘] 2> Ax=b.
ﬂmﬂm""anm hﬁ 3:’111

Q= Solwdions fon @ = TO - Hm) €F": Ax=b'l <"

Do{: A SYsTeM Aa=b 1S CANED -
D HOMOGENEOUS  1f b-=0



?) INCONSISTENT  f S=&.
D CONSISTENT  f St
#)CONS|ISTENT INDEPENDENT  of #S=z1.
DEPENDENT  f #S>].
Remavk -
D Ay Homogeneaus  system s Covsistent simce (%%, Fm)= (0.0, .. 0).
NThe sot of solutions of amy Homogencous system s QA Subspace of F”
% 1f bxo , S is not a Subspace , since (0:0.--0)4S.
Proof 2+
® [0,0:0..0) €8 = {f?ﬁ A2...7n) EFH-' quDzl cE"
& Ar=0. Alazo > Ag)= AXx+A%=0 = %, 1S D nrtXheS
@ Aizo, AeF. D ANA) =2 Ax = Av=0. FeS.eF > MeS,

THED: Let Sz (k- AmeF”:Pr=bd 1 So=f0h AmeF™: Ax=d1 .and let z.€$.
then: S:Fzotw, weSo].
Proof -
S 2121w, wel] : Alzo+w) = AZo+AwW = bto =b V.
S 2izotw. NeSe) - 2.€S. W=i-Zo: Aw=Al21-2.) = Az) -Az = b-b=0. > w=2,-3,
2 2T Wy
Corollavy= 1f S is @ CONSISTENT DEPENDENT SYSTEM , then #F < #S.
In pavticwlar, if #F=co , then the possibilrties of S ave: O#S:-0 PHS-| D#S=ce
PI'OG'F:

14 S is CONSISTENT DEPENDENT , 7ake 2:/2.€S, 2.#2:. = w=2.-2 €S, , W#0. Singe S, is a
subspace of T, then YAw,AeF12S., #fdw, 2eF1=#F Sime F<—> 1w, defl. Biection .
Pzoedw 2ef1 25 | wfzardw, Defli= #F > af<as. A< 2w

THEO. let An=b be a system of LINGAR &avATIONS. Consider [A:bl € Mmsmy () the martvix
associgted o the Jystem . Iif [A:b] is obmined from [Alb] by opplying Row Opeyations. then:
S -fean, o AmEF - Ax=b = S= ff?r...--?sm)e‘f”= Ar=b7
Ex-LiA =4
Taib] BB P [pip] oo g, glaib] - TA b1 fag---ab;k’:
8<S': if Axzb 2AA=E- EAx=Er-Bib = As=b. V.
g2g: . fa;---m:n‘ __ﬂ 6 Ee A=A 5 pr- B Ax = BBk b > Axzb
& Bib=b Bl Beb = b
>48:=4



LINEAR MADS.  ( F-vectoy spaces, \L.W are F-vector spaces , want to compave them).
Def: A lineay map from V1o W is & function T-V—W. st
Tewew) = Tewd +Tew).  YwmeV.
T(AVW) = A-TD. VaeF. vev.

NOTATION = Ly (vw) = Home(v;w) =BT 0F All LINGAR MAps FROM V. ro W Fov Vi W) wa veotor spaces.
Examyple -

DT:Vow, Tw=0s is a Liner map.

D.1d: V=V ldtp=v. s V. |

3N T:0-C Tlatbd=a-bi = Te Homple,C). but T& Home(C.C).

Lie an R-vestor spage A6E: T(da+b)) = T(da+dpd = X -Abj
ATt D) = da-Dbi TE Hﬂm?f Vo)) .

Cis an C- vethoy Space. NeC . )= X+iv.

Tfﬁ?ffl‘j)-fﬁbi)) = T(6a- yb)+ Gb1ai) = XA - yb - (xbray)i .

ﬁ«rHD- T(atbd = (X+|ﬂi)(ﬂ=bT> Z AX+ by —|-(aﬂ-k:7f)I. not equal

So T4 Homg [ .L) .

[i*mﬂn'?f@

DDescribe the set HomplF.P. =7 T-F—F . T=aTtd 4o TedeF T

T@) =Ttad = aTed. T is wuniquely deteymned by Tco ( Hom € 5 27)-
let Ted=c eF.

Define ey = Tta1) = aTen = ac.

Cheok = T is & Linear map i’)[#!am?% 7))

Tea+aD = (Bra)-Teo) =(ara)-c = ac+ale. = [ca) + Teal)

T(2a) = 2A-Tci) =2ac = - ac = 2],

2) Destribe Howz(C.0) =1T:C—e , Ttarbd-ax+bp, foy o, Paﬂﬁ.

T:C—=C. Ttarbd) =T+ TCbd.= Tla > + Tebi) = 410D + b

T is uniquely deteymined by Tci> Teid. E{ Homg (¢ .£) BiE, 4 ) £

Now . oheck T s linear maop.

Tlatbi) = aerb b

T@bd +(erdd) = TG HlpdD) = @b+ b, Tl +1cerdd = dotbp+Lotdb- - -
T(platb) = T(224)bD = lax + b . = DT(atbD .

> (Hom2f 1)
HDeserive the st HMomp (7. W) =7 T-F =W - Tohw =X +yb 1in some apew!
T:FoW. Ty = Tiatnod+ yeo.n). = 2101 yTiond. = T is uniquely deemined by
T(1o), Tto) . Now cheok + is IM . <

T-Fow Tooy =Ra+yp. ... 2.




THED: let Yw.. ] be basie of V. lot Twi..wnl in W. 3! T: V=W Lireav Map st

TIVE)=I\JE , ¥i=l..n. T

P v -@
I’W‘F: U-Il

:JTfﬁ =Tfﬂu‘.h+dﬂ,&-r-..-ra,.u,,} = a’W*TaJ'WI'f“"I"aﬂm;q .Up

(Wel| define . smce V=RV +GaVs 4. +Onlhs. in A unigue M,ﬁf)' Z T s LM =
Tlve ) = T[fﬂ-m-r-wf-ﬂnﬂﬁ)*!b:lﬁ-r-“T%Wi—}) = T[mrrb.lllﬁ-r @tV + o+ Onth) V\).

= (htbd W+ (Rvtb) 1 We + 'f"(‘aﬂ‘f"bn)h)n Z'*Carl"‘.h'ﬂﬂpwvf“*‘fﬂﬂwg) T(bﬂ'\iu'rhwp"l-r.‘i"bn'm'n)
= Tew+Tud .

TCov) =T (Aot +anvs)) = Adiwi+ Iasws+ . tDAnn = ATCD.

Proof = TCD =i,

T =Tloh40 Vet it Vi 440U = DWWt CWeA -+ (Wi totPin = W,

et TeHom (Viw) s TCsD=wn Vi=ton .
TF) = TV + - tanvn) = TCAVD + TeAB) + -+ T lana) =AW+ Bwe + v +Guin .

Thew ie o linear map T:R—2 st Ttho)=(12.2), Teod=(2.2.1). Tl11) ={0.1,0)
o Te Howg (R R) - Teeod=(ri2,%). Ttosid =(32,1) > fo,g>:9r~Tf;.o)+'chm>.
FEIORS TR (xﬁﬁ oy, Bxty) STCi1) =@1a.8) 4 (0.1,0) .

Fid M T:R*SR. Tis um?me'g deiey mined bj Tt.10.2) =wi= (a0 b) .

TC0.:0:0) = W5 =(0:bs) , [C0.0/)1.0) =W3= (03, b3). T(0.0.0,1)=(04,bs)

2 Ttk Hp N = [N+ 7821 Kot %aly) = TUn81.0.0,0) + T€0,%:02,0,0) + [(0,0.%:65.,0) +1(0.0,0,%es)
ZHCIN + Xrlaws T NelsW 1 Xalana . = ( 18101 %0200 M3 051 % luhy | NLDt Nl Xalsls t X bay)

Now, L want 1o defne  AIGEBRAICL STRUCTURES on the set Homg(V.w).

ADDITION -
Horv’,,fvj W) Homg (V. 1) — Homr.fw.w) .
(T 1) — T4k : VYV —n,
(TAT) () = T+ Tlved
. Trloe Homeiw):  TerTcwrvd 26 Ttwens) + ol 2 Tt +Totwn) +Tt) +To(1h)
= (T+RYW) + (T} 0¥;)
o TaTo) = T+ Tt = 2T00 + 2L = 2( T +Ttw) = 2T
Properties - ﬂs&m‘ﬁﬂu‘nj: T+ +Ts = T+1Ta1Tsd.
ﬁbnﬂ“}mnn?ﬁufﬂj: TI‘I"T:r = TH’Tq .
1nd@m?ﬂ1 . 0+T1 =T =T+0,
Iavevse - T: T as DWW =-Tw .



THEO: let <v-- > be a  basis of V. let <wi--mwn> of W. VW F-vector space
Then 3! Tov—w F-linear map. st Ta) =wi Viz=12..n.

?nH: ATV = TANV 0N+ +0iVr) = Al TAswl + -+ +8nnln . => Well define, Since V=0V tasar vt Qnlh
Tisa LM TOr+W)= Tkt Gbt ANt bt < +bayn) = T (G0 Vi+BrtB)Vs + oo tlfnthin)Vig) =( Brb Wi + v +Ontbn) Wrm
T(A) is the soame .

Product I:]j scolavs .

Fx Hamflvunﬂ —> Hom:z(n) .
(A1) — aT:v—=w. O =2Ttw.
AT is a M.

PT(v+w) = 2.Tewew) = 24T + T = AT + 2Tek) =D +ODaws) .
ODA = w2ATD = - DA
Pmpwms-.

PamaT 2 2T+ 2T
?}f‘[--r]';) :,ET-—r)IT; .

AT = 2.42:1)

T =T, > Hom (VW) is an F- vechn space

COMposiTioN OF LINEAR MAPS .
Homg(#-w) x Home(w.V) — Howe(v, ).

(-Fﬂ) — j‘a-r: V—Nn.
9of is 4 LM

{jo{’:iwfm: j[fmfm) = ﬂ({rmﬁfmﬂ, = jpf(ﬁ)-rjvf(m).

(90p2(21) = §(fan) = 90iftw) = 2 9ofu) .
?ra?&v»ﬁ&&.
D.hufaf] = ]Ipnf. 5). ‘)(-' V—W: }w'p.,bf';-rz fu‘dr. 3). jﬂffwf:) = jrf: + gofe .

De-f: ler Te HMF[V!W)
DKexT= NullT = KBRNBL of T =NULLSPALE of T=TveV: Tan=07 €V,
2) ImT =RangeT= Lmage of T =RANGE of T.=TTtv) . VeV £W.



Remak :
lf T-F'>F" is me LM oassacuted 10 a system of  Linear Equetions :
T %a) = (Budit--tOmPn . At -+ OmnXn)  THEN :

LTz £01...20) :ﬁ'x'*mmﬂ"'a = 9olutions of the Homoqencous System fx=o
B Biit -+~ + Omn)n=p

“9. bm-] &IHT = “7: -uh)sz'-Tl -'-Hnj = {ﬂu?h-r t Ao OAmi+ m‘l‘dmn)fn')_ @Aﬁ':b,
I+ s consistént

428 COASS 1S .
8. [ Lase iy TN —akd ngm s Vhiwes o b Blrel ol W

wms ael, b6 ks TG0 T - P I P — ‘BII T e H-.‘-l:'ﬂ“\,l-' Tl i
< T ()4 0T 4 - 40 TTWY = 04,10 40 = + Gt

Eﬁ‘ﬂmﬂ@ s
D find TeHomp(RRD) st Tcl0) =(2.0,2). Twd=(-3.10).
Ty = T(m.u}-rnji'ml}) = %1110 + 11?:?; D) = ?sz,'J;&)-rg('}mp),:(zx-éu’ %Y, 3.

ottt (D) (5] (n) ke pener e tepetoak)
: |

x=b, p Y bs bs -dz‘?fmj) i5 & Soluton of the S‘ﬂstm_a‘}x:b.
X b. 2w -3y=p
KerT = Lxy)=Tixy) H0.0,0) ] = 1’(}’;1): ]s;‘;jo" 7z ca of Solation on Ax=o.

= (0,01 7 dimbor 2 0] is o subspce of B
ImT 2 $Tlx: XYeR'A = ffuc—hj ey, 30 : MY ERY.
[}X'}Lj. %4y 45) = (2] %) ft}f-} Do), 22,1.%). C2.1,0)> L1 is Subspace .
SdimIn]:=2.
AWE: = y = dmenT + dimIm] |
SiHiov] £
DkevT is o subspce of V.
DImT is & subspace of W
R:laf[
D (0.0 € kerT. since Tto0) = (0,0.0)
lot bmj), fx'uj') EkeyT = Tffﬂ:5)+ (%, uI')) =~ (v,00) +(0,0,0) =(p.0.0)
' 2eR, hr,;_,])ekgfl' = N Texy) e kew| .
Teaca) = ATk = 2-l0.0.0)= (0.0,2) 3 kerT is a subspace
@.ImT: 'i'T[il\j): hlﬂ)@R’zl QR’.

(000 =To.o) elm] .
e (W e i) (e ) 2 Il =2 Fw ws . wa) < i+ttt &l T 7



(wi W )+ (U, Vs W) =Tf.x.Lj) + o, yd = Ttx+x), yry') E€lmT.
DR, (Wi p) €1mT = Alweowa, i) = A-Toxy) = Ttox, e mT. A

LEMVA: if fvive.-val is a basis of V. TEHom (V.W), then mT = spanT ey, Tewd, - Tevm)d.
Proof -

WNe hawe o prove hod 1Tei), ve V)  Im] = Span[ﬂ:u.); v Tewn) = sef of LC. of Ttvd-- Tevw.
veV, Tvi.wis a bosis of V. DV=AVithlat «1dnVa 16 =Teaw.+ - +AnVn)

S T = OTtw) +Atvd 1+~ tanlluy), €, 2 8

THED: let TeHamz (VW) . dimpV <02 Then dimpV = dimgkerl t+ dimg Im .

v_ I,
Poof-

We consider a basis ef kerT. Frm. W] = it is U in V. We extend i 19 a basis of
Vitvile, Ve, Vom. Vol nzdimV.  r=dimkeT = Im] is Spanning by he set 1T)zo. Tv=o..Ttwd]
ImT - Span (Tew>...Tew. Tevwd ... Teum). = Span( Tevm) ... Teum) |

LTe) .. Tiv) 7 is @ spanning set Tor |mT. Now we have v prove it is LL in W.

ler Oz brallve)+ breaTtwd., + bl ). 2 0=TlhraVen 1 wrtbwVn) > benViw - + bV EkerT. And Vi) is 4

boes o{ k&’l‘r = ]’?m'l"'ﬁl +"-1an.|= CiV t Calat wtlrVe 2 ELDV, 'f'!(‘ﬂ;]}é*"‘ “'Ir‘fy)ur + b W+ mthuth =0 SMGE 'irlf..,.an} is
IL=> ﬂliCLfﬂg-":&=0 byﬂ =1‘Jmf-'"=bn:0, = rf s L | ia W. ‘-3 d‘;ﬂ ImT'-'dﬁhv— d;m;‘é'f;r E

T:F =Rl e linear mop determined by T01.0) = Hx . TCo, D= -7

(i) — T(ab) =81000) +bTCo.1) . = Af1+%) +b(A-X®) = G+ Grb)X -bx>

ker] =$(ak) = Tcad = A+la+b)x -b5*=01 =N0) > dimberT 0. S dimImT = dimR -dimber] = 2-0=2
Posis fov ImT - hﬂ':sﬁl?ﬂn[f(na) .Tw,a)]ﬂpan(lﬂr,mx’). = 7ix, %4x>7 s a basis of Iml .
Det -

led TeHomplviw)

) T 2 o MONOMORPHISM <2 T is an l'n].

D T is an EPIMORPHISM <=2 T is & Sur).

3 Tis an [SOMORPHISM < T is a B:J

Propgsition .

DT is M <> kexT=70"

DTis &= Im[=n.

HTis ] kT =867 A Im] =w. <= IT: WoV. T'EHMF[W.-U): lol'=idw TgTSiHv,
Redf.

D-a:-) Assume ko[- 707 prove that T is ). let Tewd=lew) > o=[evd-Trow =Ttu-v) . Since
Vi-Vh £k T =301 = Vi-Vs 20 D V=lh



3) . We kiow rhar fol 2 ker] siace Tiod=p. [et VeteT s Tad =0.=T() D Y=o [u'n).)_
2 By Definrtion: T Sl <> ImT =TTt veVy =

2) BJ miz)y= T bﬁ'.*—‘-‘a‘-' T-"nj and SulU < ker] =401 and Im[ =N

We will pove that T is L (Tis L, Tis bij) < T has on bverse T"€ Homg (W.Y).
Since. T is B'j < T has invevse. We juﬁ need to prove T is WM & T had iaverse .
let T addwit an Invese T': W—V. we have 1o pove thai T is I =T LM

let Ty =w. Tevyzw'. = TGn=v Tlwd=V"

T'wew) =T (T +Tew)) = T Ttwe)) = TETtwrw) = vev'= T + Tlow). v
1) = TGl = TH(Teow) = TeTtav) = av = 2w, V.

\

=2 is LM.

THEOD: let TeHme (VWD dlﬁqfv:h : drmrw=b1 .

b |-f [ is an Epimorphism = nzm, In padicnlay = nem = AT:V2W E.
D J-fJ Tis a Monomoyphism = nsm, nem 2 AT-V—=nw M.
D Tis an  Isomorphiem > n=m . nim AT VoW 1

Plfal?f.- wWe use Mfdl‘mvzdfmkéﬂ--rmmzm]—.

N Tkt & m] 2w = n=dimkerft dimW = dimker +m 2m. = nzm.

. T is M.& ka[=701 3 y=0+dimlml S dmW=m. > nsm,

O Tis T e TisEadM D Im[=WA ker[=701. 2 n=dmbes[1dimIm] =m . > n=m
Pewmowk -

{[_: ﬂe: = —}12?

HZW\ H T IS .E | lilw.:‘-]—a('wn‘ -TL,I;,WS
. a,'lﬁ'i-—'J {p,l.,u". ; T N T_..l—
Fal sieil — (85,8 HaT £ Ssle L‘?I i
NEM X T 15 M. (erm — L2,5,5) e i
n=m ¥ Tis e

L e

4¥o. (A% 6.

T-v-ow 1m,

T is Monomorhiem pgj# Tis an them'u&, function % kﬂrT='f1P£V: TCP")=DT =Tol .
T is Epimovphism DL T s o swuyjective function g Im[ =w .

Tis Is.umorphl_sm T )¢ a bﬂ'eaﬁ'ue Temction. ‘ft‘i"g:-:l'rliw—'?l? a funthon 15 M.
If w7 is a basis of V. then SpanlTond.Tow..Tevd) = ImT .

Theo: { dimV=n<oo, then dimVz=dimkerT + dimlm]. keaT<V. Im[EW.
ﬂwallarj: dmV=n dmW=m

0T monomorphism = n<m.

» T epimorphism = nzm,

2 T isomovphism = n=m |

THED: If dimV=n, B=tn.n . h7€V FAE (following are equal).
0 B e a basia NP e a 1T agt MP e a2 SPinnd et of Vo



ﬂnvm‘larﬂ; i T&Hm;waW) dmV =dimW=n. then FAE:
W Tic an 1.
b Tis a m,
&) Tis an E .

B>k v Tisl 2 Tbj=>Tis ing=> Tk M
b > 0: Assume T is monowophism => keyT=7o1 = dimker[=0 . Since dimV = dimber] +dimInT.
S dimV = dimlw] = n=dimW | Since ImTEW > Iml-W. > Tis E
D20 Asume T i 1. =2inT=W > dimml =dimW=z=n_> n=dimV = dimlm] +dimker]
%ﬂfr}ﬂkﬂ.[:-(}' ?f-’@r‘r:'l!aﬁ DT M=>T s I
Remark: the previous Theo is not True for dimV= dimW= co.
Exanple - T R) = 160+ Bim) = Tin + ko
D T-Fdl —Fod Py —Pon LMy, smf‘rlnpm}:raprm’ = 2P0 = ATepoo).
Tis wet mono: T(MN=0 VAeF,
Tis Bpic Qor@d +asy’ =f£i.x-ra:’;f *ﬁ;%a)j =Td’ﬂ.x+a.{-‘+d¢§}.
Tepamrpn) = Xlptx)<Rix) = Sps~Aptxr = Tlpey)+ TEpsA).
2) T:Fixl =Fixd . Ttpo) = x-prxy. LM Since ]!Tr:apm) = 7-00pm0) = 2 Gspoo) = 2T(pen).
Tis Mono- kerT =fﬂafﬂ;}f'l' ot On X" 2 [(Dot X+ .+ Gnx") = AoB +AXs "i'l'ﬁn?fm’-‘b.?. = fol
Tis not Bpi e L3xpry. 14 ImT = [m[xw
I PJE’ T:R}—‘R; ' T(.’}r;j 2) = !’3*51*2. xX=-2l Zﬂ:ﬂ
@ Tis M
WTis an L
1mT: %(Tﬂ-mv) oo, Tleo.)) = Span (e, trio-1), (1,-1.0)) R
prove w is L. QUD +bCLp-1) 4 el i0) =(010.0) D Azb=Cz0 = L i L1
dimIm] = % gince V11,0, (100, 4),L04DT is a base = fmT;RB’_ =T is E
) CONCIUDB THET T 1S 1. and compute T

11 s M
Ttho.0) =000 basis Df' R T LuD =(l,0,0).
Tto.1.0) = (110.-D) TC1,00) 01,2,
Tt0,0.1) = (1,4,0) Tl-1.0) = [0:0.1).
T'*t:t..i 2 =T e, .p)::ﬁ_:'-é;pr-i}-fﬂ”;-ﬂv)) = alt,o.?) 1 ble,1,0) + cl@oi1). =(a.pb.C) .
M efiale e lboCF Y R
p-b =2 ¢ X2tE

How can we detect - Mono (using LT set)  Epimo (using spanning sef)  Isomo Lusing basis).
THED 1: T:V—=W is &2 Mono <= T transforms LI sets into LI sofs.
For amy A<V X sl , we mke TeX) js LI in W.



eo 2 T:V—=W s an Epimo <=2 it Tiansforms  spaning sets of V into  spamning sexs of W
VxeV. Vzspanlx) > spanllen) =W

THEOZ = TeHomp (VW) Then FRE:

DT is an Ilsomo .

J)Tﬂansfbms ony bagsis B of V into a basie Tee) of W.

2) 3 basis of V st T(B) is a wsis of W.

?raa-f +heo 1 :

5) Psswme T is & Mono.  we will prove mat Tih.. vl is LL HAI0K). Tepy ... Tt L1
AT + T YD + o4 Bul (W)= 0 < TLOW + +1Anvh) =0 <D AVi+ -~ TAaVn = 0.

=) f }m,_,v;l] L] them AV t@Wa=0 =2 AW+ AT+ + 0ullV) =0 = Ai=G2=-= On=0.
& H AT T LI then AT+ +Anllln) =0 < AV 1Gulor - +AnVn =0 = B=ls = -+ >An=p.

<=)HSE-M1& tar A LL inV e [IX) 1L in W We will prove that T is monomorphism :
Asoume T is nor 86 Momo. Vio st Tad=o. then X= 11 is LI set, TiX=7Tev)=p1 = fol

i5 not LL. (pnvadiction. > T is Moae B

Proof THED 2 .

>) Aseume at T is Epi. we will prove. V:S}?an(}’) 2 W=Span (Tf}’)) :

let V= Span(Vie Vi) | 2 V= Qi Bl Tk =2 TC0 = AI0WD +AT05) 1« + Ak TCU)  Yrel
> span(Twd Tewy, - Tevo) = Iml =W since T 5 Epi.

) Asowme tnar V= spanly) S W=span(Ty>) we will ‘prove mhar T is EpT.

I?'Jj (ontvadiotion, T is wot Epr. then Iml W . Take Y=V = VzS?::me] bnt
‘5]?&!*\”[»&0) = |lml §W  Since ‘}FMITU’)) - W =2 (vtwdiction 8

Proof THEOZ

From the +hes 1. thew 2. we know that

Tie Is0 <= Fov aﬂlj basis B pf V. T&) is LI Tt is sznmhj set .

That 13, (10 <>12).  (2)<=2 (3 is CEAR : True fov any basis = true foy one basis

Let's st 2) = -

Aguwne v..val 15 a bagis of V.and TTewd Tew). . Tty is a basis of W.

To: W= ol : weW, w=a /o + BT t - +anllVad =[(avir 1 anin) Elm] > WE|mT

> W:=|mT.
T Mono: Veker] V=AWt t@aVh = 0=Tw> = A1 1A+~ +An]lUn) D A=0s= +=An=C.
Svep. > Tis Moo, &

Pfﬂ]?ﬂﬁl_ﬂ‘ﬂﬂ-'— AwmV=n dimW=m, 1f n<m , then IT:V—=WN which is Moo

Proof = Take +v..w) 4 basis of V. take Fwi..wal a LI set of W.

defing TV-W a8 the M. Ttvd=wi Vi let Tan=0 = V=4V1+ - 1QuVn=>

0 =TI = AT +AsTtvs) + -+ An]tun) = A +Bsa+ vt B =D A=0a==dn =0 > Vep > T Monp.



Desoribe e T e Home(RR) 2 Teiio0) =C1.1)  Ttoi1.0)= (201, 1. Tev.0,1) = (0,0,1D.
> 311 vectore= basis.  T(BY=8 B, B basis > js Iso.

T{?:nj.a) :Tfﬂﬂnﬂm}ryfﬂho)-f?.fﬁ:ﬂn)) FARCLh)tylol1)d +2(e0,1> =[x, )l-py X194 12).
Now desevibe T, T =tne.od. To.,0) =(ei1.0). Tlo,0.1)=(0.0.1)

> ‘I"H.u].e} =T At ) 1(»,-:0&;:,;; ;)-rfzzq)ramn)) = fxfj-x, z-an,

ToT"f?th. ) = T(x: -2, ) =X X145 0 Koy r2-y) = f’“‘dﬂi) _

15T {}{.b].a‘l = T' (s A4y, X+412) =( A, '?i'-rb]-)(; ?ra+y]+3.~x.-ul] - (X;ﬂj)“

£7. (1ASS (]
AN APPLICATION OF LINEAR MAPS To &YSTEMS OF LINEAR EQUATIONS.
QoA+ hnKs+ c+Qinfin=l Qi - An Xi b
A -
Ami %1 + 0w Xzt 100 +Aendin = bm. A1 " Awan An bm
AX=b  AeMmnlE) beMmlF)
£ TZ FVI — Fm 5
TN Ba) =[Auket Qoo+ e +QnXn. Qadite o Aonidet Dot oot Burdn)
A "(' :[ﬁ?u}l’w...‘i—ﬂmzn ]
[ﬁn] G+ -+ 1 Oonn o
Det - AeMmxn(F).

Yow yank = ﬁh‘mr Span(Ri . Ra ... R
Lolumn Y.ﬂlﬂk = dr:n]: 5;:@(&;(1;; ﬁn) ,

A= [ |2 - 0) Yow yank = dmnF 5Pan{{h2,-no) ,t’m!-:;al) =2
o | 2 4 column vank = dimp Span ({m),iz,mHfz),fo.ffd) =2
THEO - yow -vank (AD = tolumn-rank(A) .
o 0As D0 P
Proof - ["::i"‘?_' e ]
let A be 0 Row Reduced EBchelon form of A.  A—— A= lpy.... . ol B aisi=l
thén  Yow -vank(A) = di;ﬂF[lfprﬂr"ﬂE-"U‘); (0.0--tss,.0) ..[0.0 - ﬁ}si--ﬂ} fﬂ,p... gﬂ,&gk,..a), (0:0.0), ) =k
ﬂofmﬁn'mnlzm1 = ﬂ'fo—(E;s., ﬁﬂnﬂ, {:s;. f':’uﬂ, cos 55;:: Csprl ) - -CH) :.:k ,

LD LD LD .
Now we hawe prove vank of A'. We need to prove (1) Row-1ankiA) = Row- rank(A’)
Praof: (1) Colum-vank(A) = Lolumn-rank(A')

(1) We wil| prove rhat the Row-rank does nor change i# we &pply EIEMENTARY Row — OPERATIDN
Ri<>R;. span(R. .P;'...?j.--?n) =Span (.- B B .B) V.
AR, -rﬂ;,i?i T fﬁ;;’;-r ---T%i?qu--rﬁn.&? = 4R + - Tﬂjﬁj-r 1‘15?.-';?.-'1' i “fﬂn%ﬂ :



Ri«=2R D20 = span(Ri.. Ri..Ra) = span(R - 2Rr .. Rn)
ﬁnkd’ﬁzpz* *"Tﬂﬂ?ﬁ--'*ﬁn% = bﬂkl‘f e gk &'A?j"f"“ Tbnkﬁ )
let Ox= bk VecInI\N:7  4i- bA.

Ris—>Ri+)R; A=*0: BFM[E---Pi-~-ﬁ..%)=9mekf---m-+a%_..P}-...Pﬂ).
AR+ +AiRr 'i'n"’ﬂjﬁ'f““faupﬂ = bquf'“ *biﬁ‘fbiﬁ%f““l‘%?j‘l’iw'fbn?ﬂ |
Dlet Oc=br Veeln\T . 4= bidth;.

). T-Fof™, TOM=(AX) | | T:F"—F". TtxD A% X-lees. o).
Column-rank(A) = dimp Pan(t, Cs ... Ca) = éﬁquSFﬂn[??e:) Tce), - Tcew) .= dimgImT .
;di—ﬁﬂfn- ArmberT
Laluwn -ranHp?) = dﬁr‘lfr Span [&’Czﬁ---aﬂ = dfﬁnf SPRH[TE&) Tlen - Tten)) =dimIml ' =dimF ~dimberT’.
k@rT =15 TN =01 =17 Ax:ﬂzl.
koyT'=447: ToxM=01 = {x: Ax-0%  Since A'-EiEs—ErA. Then Ax=0<> Ax=o .
Sv MT:"WTJ. = borh qual B
THED : let AeMmxn(F) s AX=b. & System of m linear equations with N unknowns
DThe system is INCONSISTENT) <> rankA < vank(A|b). Ae Morsn(F)
2) is (CCONSISTENT INDEPENDENT®=> yankA = yank(Alb) = (A|b) &€ MwmsinsilF)
2) i< CDNSISTENT DEPENDERIT < vankA = rank(Alb) <n .

gL

!|J\+E"|I|-z-_3

Poof of the theo: Ax-b <> T F"=F", Tcx" =A%),
Rank A = dimﬁpan[&&..-{.‘n) = dim QPaHfT(&)JTE&')---Tc‘En)) < du‘mﬁﬁanfTE&).“Tm,,}. bTJ‘:de(&&..cﬂ'b::
= RanklAIY). .
We have 1t Fanllion. Teen) = span (Tted. Teen Teen,B) &> B e (Ttey.. Teen)= ImT <> JzeF” - Tea =i
= 1he 9jsmm hae 2 Solution 2 <> Lonsisten .
The Stom i Deperdent <= J2..2, st 232 : Aa=b, Az=b. <> dw=2r-2 40 Aw=A21-2)=0.
S dwTso0 e TWD=0. <= T is not Mono <> dimkerTl . gnd AF'= dimberT +dim In]
7 dimlam] > Rankh
(ndepoudent <> T Mono < dimF" = dimkerTtdimml <> n=o+ rankA



Covollary1: AeMmenty) Ax 20 the Sustem s alway oonsitant

And if vankA<n. = Pependent. Ff rankh=n=> Independent .
?voof; b is Check that rankA =vanklp|o) . since span(Ci...Ln) :ﬂpan[rﬁ.---fm.ol
Cﬂ?ﬂllﬂ?aa-i A € Mmxn If“r') Axzo. f m<n. S Ax=0 is (onsistest dzrnﬂ!d&m’.
Foofz T ="
L1 <= yamkA=n  since AL Mmen (P = N = Loluwn-rankA = dim SF:M{&--{L)
whidh = LdimP"=m . = n<m . Vse the definition of Mova, avd Bpi to Phwe .. .

INVERTIBLE MATRICES .

Def - Ae Mmmn (F).

Y We Qaﬂ +wor A has a LEFT INVERSE f d BEMnxmlP): BA = ldn

P RIGHT INVERSE  if TC EMasm(F): AC = ldm

3) INVERSE of TBEMumlp): PA=ldn. A= [dm

Buestion : f we need nz=wm ?

AL LB L BGE L

LAMMA 1: AeMmn(pd 1{ A has LEFT INVERSE BeMmum and RIGHT INVERSE CeMum
“then B=(

Pl"ﬁﬂ‘f= E’:: EJ"!F*M.: BAC) :H??P!)C =2 Jdn C : 0|

LAMMA 2 : A eMnmlE) and i+ has INVGRSE , that T is unique.

Boof: Asume BA=idn, ABizldm. => B, is LEFI INVERSY. Ba is RIGHT INVERSE.

A zldn, ABizldm. = Fom LAMMAL = Br=8:

THED: AeMalp) FAE -

DA has lefy inverse.

DRank A =n.

3 A s ?pw—ft?mu. fo Id.

B A is & Poduct of EIEMENTARY MATRICES.

£ A has  inugnses,
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Det: AeMmen(FD.

DA has 1EFT INERE if Hﬁemmrp BA = ldh

A has RIGHT INVERSE f L EMnom(E)  AC= ldm .

2 A has INVERSE oy is INVERTIBIE , if HBEmenff') BA -ldn . AR =1dn

(We will prove mat it implies n=m).

Ne hawe proved = D If BAzId,, AC=ldm = B=C . 2)A has imverse = it is unigue

TME0 1: A/B eMnlp).

DA is INERTIBLE <> A’ is INVERTBLE .  (AY'-= A

" AB INERTIZE <> AR and BA are INVERTBLE. (AB)'- B'A" (A= 4"

Proof -

DAA = lda = AR,

») Assume A P> are |NVERTIBLE -

AR BA'= 14 =B'A AR BA AB'= I14-A"8'BA.

THEO R AeMnlp). Then FAE -

DA has et iverse .

7) RANKA =n .

2) A is Row Bquivalent +to ldn

$ A is a poduct of Kow ETlementawy Matvices.

3) A has invese .

Rroof -

() =) V.

(4) = (5):

AzEi...Ps, Ei are Row ﬁe;msmﬂfﬂ Matvices . B:j e 1| Using induction

= A"z B3 Es1 -EAE . V.

2 =4) :

A~ ld (Row Equrmmn-r) = JBi,L2, . Es Row E!e»mrrmj Matvices st Es...EsEA =ld

> EsiEs -EA) =Es'ld =Es! = Esi.EA=ES > A=£.ES Since Ei is ako a Row Elemeniany MV

1) =(2):

hssume A has left inverse = IBeMalp) - BA=1d. Lonsider Ax=0 : we know Tx:Ax=01 = folt +=»

Ax =0 CONBISTENT |NDEPENDENT <> RANKA =n

Since T:F"=F". Ti") =(Ax)', Ax=0 Llonsittent Independent <= kerT =1 1" T(xD) =01 = 1" (AX)'=0]
= a7 Axzol = fo) . > ke[ =701 =‘?dm’»ﬂ' dimV=n_ Now ImT =Span(Tce. .. Teem) =span(iae] .. cae])

*SFan[&T 1) = dimIm] = dqs}mn{.{u La .. = Loluwn rank A = rank A |

WNe hae proven : Tx:Ax:0] = 7ol QRANK =n., H BA=Ild A Ax=0 =B [Ax) = B.p
PAXz1dx = %=z0, = RANk:-u,



(2) = [3) -
Assume BANK=n. Then me FON REDUCED ECHELON FORM of A
a. o
A- -94-[9 100 v, » ] 2y since N=RANKA = Row RANKA = Row RANKA = k

Ll
Fow opﬂaﬂon v

o.. ,ﬂ, le .- 0
%’ﬁ-[ﬂ ] (Ju > nk. v
—3n] — n Column ﬂ:.-..f

Remark: 1f AeMwmnlp) has left and right inverse ,then n=m and A is INVERTIBIE.
Proof: B £ Musmlp) , JCeMmomlp) = BA=ldn , AC=ldm =>B=Bldwm =B (AC) =(BAC = ldnl =0 .
= 2 BPA=ldn > mankA=n.> n=rankA =row rankA Sm 7$ o
AR = ldm 2 rankB=m = mzrankB =Yow mankB <n
CONNECT SYSTEMS OF LINEAR ZQRUATIONS WITH LINEAR MAPS,
Axzb —s T: F" —F" | Ttx..7) = (GnkitGuder wtOnidn  vio QimXomtGomom -+ o)
T-F"=#" . Tis uniquely determined by Teep.Tces) .. Tees) € F™
Brzb <~ Tte)= (a0 .. 0m)
Ttes) = (0o 1 Qn.. Oms) . > T00 K 2n) = XT(23) + o=+ KAnT(en).
Ta‘f&n) = t'dm. ar;, ﬂmu) .
Now , commecst LINEAR MADS  with  MATRICES
Def: T:V—=W, LM between two F-veotor sSpaces
let B basis of V. B basis of W, Bi=tvival).  Bs=Twi.owml.
The motix of T with respeot 0 B and 0 is defined by : .
[Tlee.-M(T.BiB) = r“ & MmsnlF) St TLY) = B A+ ot B =<5 B
O - lT]ah = [[TEIW]B: .]’_Tf:;,,]]h]
T-K'—=Fk’, Tc‘x.g):i'zx-rg,x,azj-rx)_ ' :
b 2 f(10)0.00,01 63 =100.0) / (01,0) (20D B =1010), (LY. Ba=T(1,010).(0:1.1).l0,4, ]
Teho) = (2,1, =2(1,0,0) 1 1 (0:1,0) 1 1{0:0.1). [T ]g‘g; [ ']
Teony = (1:0,3) = 1 (1.o:0) +0(011,0)+ 3(0,0.,1). e

Teho) =611 0 = 2(1:0,0) + ilo1) v ofo:-11). o :[f ;:;] .

T0101) = (3,1,4) = 30110,0) + Yz (0,0,1) + 3(2(0,4.1) o 3 IG i }
‘f 51:]5&.1)*{1,9)7:: Teond) — 1tohwmn . TClip) = R Colwmn . = TTJ@,@,: 2 11,
THED :
DT.T: V=W, B basis of V. Bs basis of W,

[T+Tlses =17la + [TToz
D NeF, T:V—=W: B basis of V. B basis of W.

Totlee. =2[Tlae.



D T:-Vow, T:w—U, B basis of V. B: basic of W, B> basis of U
[Tolloes = [T, [TTpp.
Proot -
DEPF'FI,?:...WZI ! E:;:fu. w,l.zi _ :
1T7+T'los = [{t‘rﬁmm]a, [T wls, ..-~[(TfT:qu,,1]h]_

(T4T)ewp= T-!l.ﬁh'i’f;ﬁ] = Zogwi +3aiwi = Zlairaidwi . where [Tlae. = Tagl  [7lee. - [a5] .
= [1+7]sse = [ 8y +ay] = Tal+ [a5] = [T]em + [Tlog..
D [T1ek = Uf'aﬂmﬂa., IfaT}'z vlp. )

(D) = 2 Tr.u.) Biﬂum &baw > [AT1sa =12a5] = 2lay] < 2 111ea..

) VILWILU.  Be=fu.ud,
[Tlsa, = l'aJT-*.:?Tw,) f,lé?um;. Vje l.2,.n
i.TJ]B-bg. Ib T'{:‘? Tfh}b)hsgl b&b“; 'H#Ev 1i2 M

E

aTJ'flJJ) ] TITW-]] Tf;RJN) -r;ﬂaJ[T{wJ r?—ﬂ 5 bsi Us . rf?'s};; bs.ﬂ; _ “,[gbs.
= [ToTlbe, = {(T.Ebﬂﬂr):ﬂ = [bsg] [al] = [T]E:.b_g fT]b.h |
xanple

To = (51, 5y)  TO6y) =(2%: 5y, 3y).
IrTfoT)fI.j) e TCX.ﬂ]] =T Y, A-y) = rlfﬂﬂ]; Xy - (x-4) ¢ '30\'43‘&) = {zxuq, 2y, 53-.#5),
> [T'aT]g,_gl = l: ;] since (Tol)(1,0) = €2,0,3) = 2(155.0) +06(0)),0) +30.0.1)
* (ToD0.1) = (3:3.-3) =2(1,010) +2(01.0) + ()(0.0.1)

i -l
o 2.1

Sice lrlm,-[i -|] Iilaer [ 1 ﬁTT‘]&@IT]Ml-_[z aH ][

[

S, C1AsS19.
Recall he [ast class :

T=V—W Bi= 30 bl Ba=fwiwd By basis of V. B: basis of W,
men  L[Tloe. = M(T.B.,Ba)= r" -

B B Oy - Oowsj - - Omn

= 04> =AjR: + Azwat 1+ Gmj o

B, B
T:-V—W  T+T:V—W. T-Vv—W. T w—U.

L7+T1ees = [T]ops + [TTERa |
[T lope = al7IRe:.
[ToTIeb, = [T Te, [T]oo,
Gomple . T.T:R*—=R", 62 bom bosis. Tony) = (x, xey). Téaﬁlsfx—j, At2y)  check i+ !
=y [T+T}1I'H.'j) = Trx.ﬂm*‘rr’x,j: = fn,zrjj * (1-y, xfzﬂ"} = fﬁx—j; J—J('I‘-.?‘j). = [T+Tlge =[2 -l }
2 (3D(x.y) =5Tt;c.5’1: 300k, x+Y) = (6% . 3x+3y) | = [2T]e.e, - [ 6 ﬂ:[ z |3
2 3



Teiio)=(241) = 201,004 (1) .
- T[.ﬁ:l):n“p.i]:ofuo]-ﬂﬂo;l).

, [T]g,g.,ffﬂg.g,-[" GH Hﬁ -,J
TR

= [T+T']eze,

Tio) =Cii1) = 1 (LB 4 j(@:1) |

i T'logil) = 14:3) = Af1.0)+ 200: 1) =)
[T]g:.gz :[2’ o:l; :{B G] = BTJ{,Q‘.
(R 33
We have proved - dim\) < oo .

P
DT:-V—=u o d;t Tis a Lnear Mop, bijestive furction < IT'-W—>V Linear Map St Tol" = ldw. ToT=ldv
DTV=N. |so =>dimV =dimW .
a')l-f dimV=dimW . T is lso <> T is Mono <= T is E‘FT,
DT:-V=2W lso e VB basis of V., Tid> pass of W.

Def .

let V. be wo F-vestor spaces, we Soy that |/ and W are lso .

14 3T:V=W, T is Iso. v W
RPemork: " being Iso" is an equivalence relotion . 8
Vaw < AT:V—w Iso.

DVall & 1d: Y=V Isov.

i) 1f Vaw = IT:V—W. iso =2 3T WV lse = WaV
1 VoW and Way 23TV, T:W—U Iso = IGol,: ) —U. o,

= VU (T . = Tel . 0T bij.=holl bj.) .
THEo:
let V.W two F-veotor Spaces VAW <= dimV/ = dimh .
?rco-f:

=3) We know that 3T:v—W lso. Then & basis of V. = Tt8) basis of W.
= dimV = B = #T1(B) = dimw.

<) Asewme. dimV =dimW = #1 , take B =1, tel) . basis of V.
Defime T:V—n 96 T =wi. = (g = Zaiwe, = TiBr=B

V=R, K:C. Va=T[h2]eM®T < Iso as R-vector spaces.

B'=Fwi, iel] basis of W .
then 1 is Isp.

T:Vi =V Ise, C.o) —1. (o,1)—i
1(3.3):Tt:h-o¥+5£m)} = HTtl:.a)fﬂTfa.«lJ. =ATyi.
T1: Vs Vs Iso

1 dlobl| isfi al

T'toebd) =Tt « bT(D . = [“ o

o Q

J-loa] =1

a o
b o

]



| MPORTANT REMARK :
dimV=dimwW = I T:V—W Iso.
This is not the same as Saying That Any M s goimg TO be [so.
For example : R°AR, 1d:R>R. Jso, Texy> =yx)  Iso.
BUT TGy =(X0) NOT Iso.
THEO:
let V.W be o f-vector Space. dimV=n . dimwW:=m
Homp(UiW) is Iso to Mmxn ().
Proot-
oL HomplV.ow) = Mman (P ot(T) = [T18B., For B basis of V. Bs basis of W
AlT+T>) = [TitT e = [Tlae + [TleB, = ol + ot Tod.
(T2 = [2T]em = 2[7]eRe = DT>, = Lheck 1 2 UM .
Mono= «(T)=0 = Tlyy):=0 YyeB, = T=p
Epi = A=lajl: defie Tey)=Z0iw; = oitT) = A.
= Therefore . ol is Isp.
Corallary: dim Homp (V.W) = dim V- dimW = n-m .

-['l F""—'FM; 3 Tﬂ:'“m‘t “‘*alﬂ.xﬂ il ='"'} Tfh'h..ﬁd‘}: fﬂ:.]’.f-"'ramiln,- T aﬂhﬁl‘l"'“ Tﬂm')fn] .

ﬂ;n:"l‘l’ ""Tajllﬂ]ﬂ;h'l . Tﬁi) = {.IqﬂTjr HTz I-Pln] ] AZT ;[a:. o ] -{’m J
= [T]ﬁpﬂmz[?_" all"'am] :H | st H "

G+ Dt
' T0.0-..0) = (GO Om) = B €r+ '+ Gmn .
Teoit.-0) = (A Q5. - -Omz) = Aol + - +O0msln .

* Tep.. 01 =[in ,Bon,- Oma) = Qi+ +8mnln
Connection- SysTems <> m. LM <> Matrices . vectors <>matrices .
Def -

let V be an T-vector spate, B fv ..l & basis o{ V.

Gt Qo

a
We devote the matrix of V with respest 1o & as {ollows : [vle & Macitp> Iu]a-:[&.] if V=&Vt +dnbh,

V:E&l V;!"lfllajn gjifﬁe:%]l B:f{]uﬂ:ﬂ]ifﬂpl;l’?);fiﬂ@tl)}?

[vle,:[.’] (2,1.0) = 2 (1.0.0) +1-£0,1,0) + 0 (0,0,

-

Tﬂﬂ-:[?’] (0,0) =201:0/0)t 1lo,140) + H1)(].0:1)
4l

THED :

V—E-'Mu.q:J. For B a basis of V. Is & Iso



Proof : //F"r.wu:- Em] [ ][h] = Pew> + fow. v=Law

thn Bn
let B=1v... w1 Pwy=Ilvls, bF& a Um\ W= Lbivh
A= Cxidn), | Pl —L— " Pow - [ : ] L ::I ] = alvlp=abtw . wen=Xtmebou:
Gn

6leas ] I | ik

MIHEFJ — Moy {F)

A =ZAiv;.

[3]&1 —— AIHJ&H= E_‘]]‘m = Tf?\'--'-ﬁn'? ;-!’a..m-r&u?r.fn-+ﬂmm i=-" 'ﬂlll;';ﬂ"" d fﬁmﬂ!n) ,:{51 .ryl- ae jh) .
Qi by X% L B ™ 4 ‘\
: IHIE : o s A=[7]
L-'-'ﬂm] [7;’11] [ﬁmﬁn?----rdqu] [jm_ Gnbm
ME0: [Twle = [T]eg -Tvle. 7 i
an n M $m1 j = [ ][ ]n

"
M lF?  Mmanlfd  Maa LpD.

Foof- a
B=fu vl B=Twi..ioml, Iﬂp[é.] V=AWt T OnVa
[7]ee = lh b h"] - Tew) = bywit -+ lwgm _:tgb-]-wi
By~ b
T =Ttavi+- +0avi) = ATt + - 18nTeund. = ALbiwi T L Ebizwr + -+ Qnlbinwi .
:]g?;ﬂj bijwi | J.}'-[Ebﬂﬂj)m = [Tan]e - [é?'l'"&] I {b it }F]
tin) Lt L] 3

£9. 01pss 0.
Fix BB basis for Vand W . B=Fvi..v]. B=Tw-wnl]

Ham];l\f':W) Iso Mm~ (ED . FUJ
T +——— T71e8 = [Ty - [uals] . > Tevp=Xa5wi < [Typle = Lan

V. ——> Mwulf). 4
+ +— Tvlp = [a:'.q:l <— V=QAV.++-14nVn .
Ne hae proven thet o, P oave M
UT+1Jep = U1lee + I1deet ., [oTIep = 2[7]ee

vl = WlprIvle . Tavle =20ve.
e aso proved V Isw Is() y — Two.

IT‘&UT:]B&% = .LTJE-,E?, [T'],EIE’:. | ; v _T_,w :

y 4
k. B

I;:’.-“\W'I'“'Plg . %ty =b,
Toyd = (xy. 44) « :R* =% wf 1-y=bz M (F) Mmn (p)
E=1t0) (ot B=Ttr0). 0107, Ivly — [Ty Ivlp = [Tenlag -

T1lg, :[[Tu-m]g, ﬁf"”]g,] - [:, :]



Since Ttioy =01, = 10,0 + 0lon) = Tfﬁﬂ): [i I’I [}c} ! [b. ]
Ttoid =L0-1) = 1C10) + D) {o-D. o -l

2
V= (3.3 eR". ﬁml]g,= [s] Site (2.3) =2-(,0d+3(0:1).
3
TL\H:—TL?:%}ifS-d) = [TEJJ;)].“:[I] Ince (K. = Iffﬂﬂ}*f'f’g:i_)_

> [Toxle = [Tlg.- ["2’3‘)]& L [! |]_[z] _ [I]

-l ) i

g
[Tle =[rr£h0)]ba[T£m>]a-] = [I gy ] gnee Ty =U10) = glho) t1tn1) ., Teoud =(1,4) =2(1,0) +E1C1 ).
2
vlg =[E?-b)]6; = [;1 .
o 21 [=2 6
= [Twle = [Tb&)]p = IT]‘:D -[h-&l]ﬁ = [' -.]'[_1,] —"[4] < Tt3.3) = b1,0) +(-D1,0). = 11,1),

Notation: T:V—V .
B B —ITlee.
P B —I[1lp = I1lep,
B & — [1leg = [1]e
THED - TeHame(V. W), dimgV=n . dimpW=n . Then:
DT Iso & 2 [TIeg is INVERTIBIE. VBB basis of V and W .
= 2 [Tlep INERTIBIE for Some B.& lasis of V and W

Boof -
) =23): We know tat T-V—=W is an lsp 2 IT-W—V, T e Homp (Wi . 86 Tol "= ldw . Tol =ldy
lot B& basis of V., W . loi’s apply & [;, 1“}

[se U1ler = [T%T1pp =l1du]ee = [ (el - Cldule] = Los. ) < o

In the come oy :

[1eg (1155 = (ToT ]88 =Lidwlg = ldn
= ldn= [TJeel1Jee -[T'1ge [11eet = [lep is Inveytible and (TTae=[T'18p
Rewavk :

%L%ﬂs' > [-'dm]w[i] #[Htwﬂaz{”

[a : Vizlvitovar .rou, Vacovi+ -t Ll
> [1dwnlp = :}‘ |
2)=>2). V. Tue V(BB) =Twe for a Particular pair (B,B).
2) 1) : We know that 388« [T]eg lnversile . lot C=LTlee e Matp). > 3C eMatp) - LC = ldn=L"C
Using That ot is an (80 , we know shart 35&Hm|:[h.h'.-l:aﬂi‘é} = [8les=C'
Olwv = Homp{ W.V) — Maxn UF). vy : Homp (V1) — Mn(F) gi"lg —S*g

8 +—>IsIBp=C" |ohyw: Hom: (0,W) —= ML)
lotx's gee ot S-=-T". B B




[

CC =ldw =Lldvlee = otwy {%T)ﬂofv,uﬂdv)o{:hg Sol =ldv
C-C? = ldn =Lidw]Bl = 06owlTS) 2 otum ) T=> TS = ldw.

[satlee = [Slee [Tlpe .
[1.5]ee - [11e(SIEw,

13

CHECK OF BASIS.

V. BB basis : Lvls <= [vle.

vV 1ow [71s8 <2 CTlap, =1 D [, - [V
BB, &:% = LE’I]h .(-.T] E"BI B, EI .
Vef.

Let V be on Fovector space , Bi.Bu two busis . The change of basis matvix from Bito B
is the madvix:

Mlid. &) = C(B.B) = [8Tp, = Lidpp, = otlid).
THEO: V. W F-vevror spaces, B B bass of V, Bl By basis of W. TeHomy(V.W).
D LBle, [8)p, = Idn. thar is: [Bo = [Buls,
3 [2Js. [vles = [vle, |
2 Lol LT Ibg: [ul, - LT 0055 (el T1lee - Tilew
Proot- [ [Mlgp -(elgTee [21e,
D [le [2.]e, = Lidveg, LidJee: = Lidvoldvees = LidJe, = ldn.
2) (B2, (vle = Lidv]pp, Lvlp, = i..l'duiuﬂby = ldn.
2) [&]e. [Tlop; -[21p, = LidIge I T1pe LidIgs =L ldvel lpp, Liddp,p, = (1] Didv]ae,

[ Tald] gy = [(Tlee, ol
TRk, [T166 = ['.’ il
[Tﬂx;gJ]ﬁ, Z[T]‘zﬂb'[ﬁ*j]]{: =[é g][;J (since f)‘;lj]:—ﬁfh[?)fgrf?f‘})- =L:;+:'f9]
Toxap =B (1.0:0) 1 24(0,1:0) + (A1)L0,0,1> = (342241 x43Y) .
-

Z

D&swfbﬂ. T; R’—"’ R; St IT]E@E:[ | |; J B, :f”.rlﬂ . fl.l'D]]. 3;=fﬂ1l.—mo},Hrpn).fwhl)ql .

G]:rfr'anl: [Ttx.g?]hJT]B.b.‘fl'?f-fj?]bi =]:;. :I][H‘HJ sinte [ﬂ-b{ﬁ:l"ﬁ*ﬁl)(ha} + jﬂ.u
z[x-zg 1 elly

2-!‘5
T3 Tonp = b-p010,0) r3x0D Lo >, = (3-3y, Ay, 3x-24 ).

i?:;s;: tolardantedn - 0 ol LR ][+ 7).

> Tc:.y =(9x-3y, Ay, 3%-34)

PROJECTIONS,

Def- & projection is a LM PV—V st RP-P.
LEMMA: P is o projection < Piw) =W YwéImp,

33 : [Tu.gn];,=[T]:.¢,-[“-5>]:.= 3 2)LY

ono{: =) nelmp > W=pw) = Ptw) = P(PW) =PLV)=w .

&) PoP(v) = Plpwd) = Pv)
welnP



THEQ: P:- V-V 1M . { M1y,
DPoP=P = V=kerp @ hmp. -
D1f V=S, then A'p-V—V st kep=S and hmp=T. P
plxiy®) = (x1y.0) .
PDPL"K"j:-EJ ??qu.p) = !Jﬁy.ﬂ): R{mg,&.),

(= j,vj

L. UASS 21|
D&f: p:V—V is a Pr'ﬂje.ch-pn it Pis a I\ 86 Pop=p
Proof= P is projection < piwd =2 Ywelmp.
THeo -
DV is Fojecrion then V=kerp @ Imp.
D V=50U then Il p:V—V a prjection st S=k&r|? and U=Imp.
Proof -
Vkerp <. imp £)/. Subspaces = kwp timp V.
let veVy. = Vi=POR=+ V-ply)  PUREImp . V-PUD Ekerp And PLV-p(»2) =P - Poplv) = PLY)- PU)=d
SVEkap + Imp. = V= kep+Imp.
let wekerp O lmp. = Pow) =0 and w=ptw) vel Then 0= pwd=PIpiw) = Pw=w =D w=0. => kerp(lImp = fo)

#Vf-#&rp@lmp.ﬂ Pisim|
P is & Prgjection .
2) Ne have 1o dafme p:V—=V st {k’&'}?:g _ PIV)-‘-F(.C-:-M} =P8 tPlu) =0+U =>P.is Un.&?ﬂ&.
Pis im: J'MP' V.

Pivir\s) = P[S.fuu-rSnHa} Pfﬂ.rsén mﬂdi] = Utz = PLVD «PLVs),
P(av) = placstu) = Ptasuu} = Qu= APplv).

Pis Tr!jmlm .

(PoP>tw) =[pop tstw) = PIPIst)) = plu) = plotu) =p(v) , Yv = Pop =P
kerp= T pun=di = Fr=sru - puA=pesrid=u=o1 = fv=5ru : u=01=3.
lmp-: '}PWJ* eV = {PW} = P(Stu)=u veVi= 1/

Covnllargz let p:V—V be projecton. Then 3B a basis of V. 8t ¢

|J -0 4y ©
EP]B = [i w_::o ] = [U 0 ] & Mn{]:) "'f dimV=n
8.1 0

Proof -
We know V=kerp @ Jm[:-. Take Tw--vj a basis of Imp. And T '] & basis of kerp,
= Bz T Wi W is a basis of V. N -
Ipl - [L?f.,.ﬂa_..., Lptwnly . Ipnﬁ,.)]ﬁ EPM:)JB] [Luﬂp Lal,. . Ll e-] [[f.ls] ]
o : ('.' | : ]

8 oD .- -.0



Remayk -
D THE PRBVIOVS COROIIARY (AN BE CENENAIIZED AS FOIOWING -
P is a projechion <> IR is a basis st Lply :[lg ---g
=0 ]

=) v
+ [pwlp, Lpiwnilp, - TPuw]p

) We need to prove pop=p. Bev - VeV IZF]E,; [Ipwn]ﬂ,-
S P Vi Viefi . Pw:o=y =0 Vjetm..m. 2> Pwl=v bveV, = PP =fw v.

2) THE PRO)ECTIONS COROIIARY CAN BE CENERALIZED TO ANY LM T:V—W . BUT NEED Two BASIS.

TvEO:
let T:V—=W. & LM ,nﬂfmlm]’:r‘. Then 1B 4 basis for V and B o basis for W st

r
[‘:dr nErJ
]:1']w = ?r 2 E'-Mmm(f). -‘-f dimV=n. dmW=m

Proot: Since dimln] =r we know dimker] = dimV -dimlwl = n-r  Toke fun,-.-val a basis of ker].

TVt - Und LL in V  we can extend it 1o a basis of B of V: Br=Tu.- vy, Vm - W,
We know Im]‘:ﬁwm vel = thEa.—u.—) = T + AuTEUs) 4 - + Qe L) + Aol Llpes) + -4 D LU Bi£F Y = 'Fn.Tmn---fathmﬁ :

= span [T T, Tewn ). and dimImT=r = Pwi=Ton) , we=Twm, . wr=Ten 1 is & basis for ImT.
= fw WA is Ll inW._ we con extend it to o basis B=Tw...wy Wrn-nm] A basis for W

T1len :[ETM)IE,; (wlg - [Towly [Tosnlp - .LTW,.)]B-] :[Ew-]y [waly - Tl ["]Ei"'["]&i] |

Fio)s
v Q

DETERMINANT  OF MATRICES .
det - Malp) — F  function with properties .
l/ N option 2 . ( Careqorical option. universal Properties) .
option 1. Detine a funetion by its propevries Then prove that
Define the function this funetion exists and is unique.
bxplicitely then prove properties d=gedlap) if —dladlb
§cdl (aub) = MAX [ Divla) N Piv(b) ) if d'la Adlb = d'ld

OpTioN 1 - Iaa

ﬂ;h - lnn

= 2. (£1) products of n elements belonging 1 different rows and columns.

deth = | Al =
'-"Eszlgnﬁ Q161 Brbisy 36082 - - A in-i) Bnbin) N=li2.%
ELd>=1,-n.
&t E60). &= Fl-m) —F1-0 bljed'ion .
6(2) % 6Ln 601). Sn-3& Fr.md =110} h’jgﬁian’l

Hn—ﬂi L. Sl -



h=1. det: M Lp> —F detlal = a .
n=2, d&ﬂ)“:{j:)—*?'.,

An A

= idly - Ay,
Q2 O L J,. .é._' I 2 - n
L=l 62 b= b=, & b - )

I N £57)

@ Qi Qs
& Ow 0w = a I ‘a?}aﬁ B‘ll ﬂl-l av}% == ail az_} an;.] ﬂl?ﬂﬂﬂ a;l + aﬁl‘aﬂ ﬂa’- - a a:5a92 I
O O Do* grl 3 % .g( ) _. l: 5 {(}zg, &r |3 % 123
(; z 3 2 1 ) ) 2 2 f) ( [ J P 32
OPTIoN 2,

Def: o fungtion D: Malpd —=F . is called muktilinear if DtA)=DIR,Rs...Ra) .

DLRR . Bic, Bi +Bi 1 Rint, . Ba) = DURRs -~ R Riot .- Ba) 4 DR Rict R Rits - Rn).

DB B, 2R Rir . Ba) = ADIR--Ris R -Ra) . Vi .
Pef: D: Mn(f) —F is AITERNATING if -
D DUR--Bi- B Ba) = -DLR B RiBa) . i3
DR R Bi. R =D
Pof: det: ML) —=F is & MULTILINEAR ALITERNATING . fumetion st detlld)=1 .
N=2, detlf) ‘D“?..«Rz) = Dlane+nez, Quli+@res) = AnD(e .08 +05:8,) + O Diey, Aue + Oaés) .

= al.a;Dr.e. &) + ana»Dw. &) + e ﬂl-lDiB} €)1020a2Dle, ).
DU~ Did:l  -Dlid- 0.
= On Gy — Qi3 OB .
Now we have 1o prove that a function satisfying these 2 Properties. Exists and Unique .
THZ0: If & function det exists , Tt is unigue.
Yroof -
doth = det (R...Rn) = dlet(Zasei, Saner, . Tomer)
= 20 ded {&. I05i&i, ... LOniei) :"iiﬂ..;ﬂp;ded [ei. &, Lae. Tone)
=23 - iﬂ. taia - Owin D &, i €)= dos,biges Gk - OmacyDleans, .. €6in).
=25,59n6 Ougen - Oabtm) Dlt &y e..) =5§gq5‘fjﬂ5'd-§m' Onéey. So it is Unique.

THED:
The duncrion det: Matp> —F satisfying MOLTILINEAR, AITERNATING and detld = 1, Exists,
Pracf - By induetion .
n=1._ der:Micp) —F  detlal=a . is a detérminant function : Linear Altemating . detld =1
Psume. that der - Mn i) — | exists, we fan  Oheck that -

deta A :iﬂdif'jau- dﬁ“.,ﬂﬁ'j} for some fixed i where A= A without the yow and the cohumwn where ai} belomgs.

AP ( a; <) EMui CEY.



= Bqata - Andha

(8%} \, 1 E0Y
Ga1” N0y
(R (/5%

0a1 Ay | 7 03l Gay + Pay(hiBy + s Qo3 Byt ~ A1 O D3 - A1 B33 Byy
R A A" = s34 Pad

R AR EA S VA RS IS i Bl

Lab. CLASS 22,

Def: dei: Mncg> —F is o Muhﬁlinmr,ﬁlfhrmﬂ‘nﬂ funetion st der(ld) = det(e.és, .- -en).
MwHilinear -

« dot(R, . Ri+Rl, .Ra) =det(R,. Ri. Rn)+det(R-R: R

«deACRi...aR; .. Ra) = adet(R...Ri. .Ra).

Plernﬂﬂ'inﬂ:

-d&f!k-...kf...is-...kn) = -det(Ri--Rj..Ri. .Ra) %

»der(R ..Ri..Ri.R)=0

rawple :  detA = 1Al

On O Oy An  Ba Gy Gn b Qi
B+ 0gq ﬂ“.fﬂ'" ﬂ.:g.-r(ljg, =b & Qs G /ﬁm ﬂ;fp ﬂzr].
b G basz  bos O O3 Og O Os Osy

Problem - Poes det EXIST IS 1T UNIGUE ?

THEO 1: .f o {unetion det exist, then is unique .

Proof :

-{ D:Malp> —F  Multilinear , ﬁlmmam‘nﬂ. Dud>=1_ then -

[ (ﬂ: Dm) = D“ﬂlu---ﬂm}i (D3 Osn) .. { On ﬂnn] D( Ali 2, Iﬂh,&m - -ii:.aili"el_u ]
R

Fi B -D(& ! Lozl ..iﬂm‘,ﬁ;ﬂ) :iga“"%l a’i'.P ['e" Vi |- znﬂ;‘ni.. ef-'n) .

" ,-—?*" 'ff') . ¥
223 L 0 Osi - Ogia DU . Ticinl = Pzt 2 =4, Be0 G060 Dlew, - -eaw)

;{%ﬂ[&jﬂ)'&mn'ﬂ;sm“'ﬂn&tu) =D is unique .

THEO 2 - The function det exists . Moreover, detA =x§f‘lﬁaxjd&h‘f“_] =& f"5+jdjdz+ﬁj’jJ '
P\'ﬂﬂf:

det, : MllaF;'"’i-’a derllol) =0 . 5 a deteyminant Bﬂ induction ﬂssame detas  exigts

define: Y. - Matp) —F. Yi: Mntp) —F. by the formulas . ‘f'fma;."l d_,detwﬂ"’ Yo J,]HJ Y0y detn, A"
theck hat Y. Yo are Mukti Aker . Yitid) =1

Yalid)=1 =‘fiand f are determinant function and bﬂ thep ] .
i = Bla) since Detod A ie wnigue H



A"-'j} (a| »-i-'ﬂm) = remove R.’ and Gj
Ami - -!----ﬂm

) o|dlo
g 1 ile
|

¥ | 1'“a-;dafﬁ"”—rr—l)"’a;}md"’”+{-l)’"a»m—é"”ar t-l?ﬁaqdafﬁ" ;

- o1 0| _ I - 2
"a'laa U‘Jf:a +H}':?=\ I’::HI :,: use ‘¥,
1o gl e g ) o |l oe e | o
= (-1). t-l) olﬂ || 0> 1|2 Ilqldla'?o 2 0| _fl'-l). {,,J'ffa_lu Il-rH;'-:!lzJ T
e | [~ I o !G !
2 -
:lo 1|" i ol - 2l-lo -[za-u) = 24 =3
HOW DOBS det work with rw cpenxtion
THEQ - ﬂéan:).
) A BT 5, BF, A then deth = ~deth'
2) A F—-—%A Vato. +hen detA = Adeth' |
) ARBORL A i3] then deth = deth'.
me; E' (2'1
FI:[P'}-‘J A= R,.‘,J
) deth' = det(Ri.. B.. B -R) = -det(R. Ri. B. Rn) = ~deth.
2) deth' = det(R ... aR;...Rn) = adettki.. R Ra) = adeth
3) deth' = det(R .. B‘fﬂ@'..%---?ﬂ) = detl(R- R -P—j- B +dé’.f|'fi’u---a%---%--9n3 = detA+o - deth
o he (- a e - I e - o =l
e "] ; T*”*’*"LTJ‘.’*‘”’"’*'L.;T n.l..-'..a".’ ROy , L
Il o-1p 20 @ | e 2| g o 2l = e ol - = e 2 1 - * o o |-
el lo el 1 @ (- B - a o i -l e e 2zl o o o > oo o |
e A @
=2|lol 00O __5“&”__5
co | O
o O o |
Tueo
An i -
D Gdu Qan | = Oyl
I hﬁ‘-ﬂl‘:n

2) detA = detA'
2) detiiB) = deth -detB. (Find A.B  det(A+B) + deth rdeth).
4 A Inveriile < deth #0

ln mis mse, A'= L AdiA ,  AdjA = Adjint of A



Boof - R

D bj induetion = 10ul =00 +hen for n-i .

=3 f‘li‘! ﬂn'f-l;lau'} )

H
= (-1) 8, a'm
o

"ﬂ?""‘*‘l
7] ‘-'ﬂnn (2] “Oan

= nduction = Bn-Azz - -Ann .

A HEEENNG -
2) by induotion : [ﬂu]_r= [as] v Take for n-i - deth = Yitad =2 () Jﬂfjdﬁ"‘q( T- if?r'lf CADj; det(H"7)"
=2 W0 Y det (A = YalAT) = derd”

B.lot D:Mnlp) —F by given by P(R. .Ra) = del(RB, ReB: - RaB) .

MDD is Mui -

DLR... Bi+B . Ba) = der(RB....(RitRIB, .. .Rab) = det(RB. . RB.. RaB) t dot(RB - Rib . RaB) .
DLR:--aRi - Ra) -det(RB - aRB...RaB) = A-det(RB - RiB--RB). = a-DIR. .R).

b) P is Alter :

DLR..Bj.-Ri- Rn) = det(RB..BB .. RB..RaB) = -det(RB, -RB--Rip .. ReB) = -det(R. Ri. B Ry).
DIR,...Bi. Ri- Ra) = detlRB- . RiB... BB..RB) =D

P.
f"’] o A is invertible => 3A" st AA'=1d = | =dettid) = det(A A" = det(h)-detth’) => detA+o
<) ﬁ}o‘fjﬁz(f""”h") b= (11 detn A we will prove that A-AdjA = detA . 1d.
ba, - - ban = A l/detA - AdjA = ld.
(n,. am) (Hflﬁ‘""l (1AM J = ,§:m’"ﬁ-.—lﬂ"‘"]=‘f’.m}=¢rﬂ. p |.--l o

O .- Ooan t-li":'lﬁ""'l Hf':' 14" r:‘.{"'j"?lnim""’uo_ | deth |

A Ady (A Seanl Az b ap
A -MJ(EJ = desA 1
= all f.lzn ] - 1 —_— ﬂu ] -ﬂm
Snte  O=]a,. = s | p" A= ("
a: - ﬁ.j;'{m %]A | (ﬂﬁu--.{}m)'
On. - - Qnn
6_‘ ‘,P;.— --y]]] —'?‘lo! HP']'
D= an - O np o ag : ﬁi} 20, H0)= i

o O | = 2 0, | a2

}ﬂ: : "Fr. i ] “J]! l &t 1 |2 |3 )

Oun - Ovn A | H00 603) /.




5.28. CIASS 23
EIGENVALVES AND EIGEN VECLTORS
T:V—V operarors or endomordhisms.
Yim n g
Question : fon we find a basis B of V 86 [Tlp=[Tlgg = [o Hﬂ..] dinjmﬂl matvix 2 But Not a."mjs
4 yes, wany compuintions con be easily done Tewd =2 Tevd =22 .
V theu we hao B=tw...va} | = :[tn”'ﬂﬂ'“” [ﬁ”"’})ﬁj © Tevn = 2nvh
£ n

ker = XveV: Tw =07 = 12 av: TeZowy =ZaiTw) = Laidiv;=01 = TSaw: - adizo ¥il

=<1V : izl 7.
Im] = < T T .. Tewd> = <A dnvmz = <T2i%i : 220>, =<l - 2i 01>

Tis lso < [1],= m-,1 0 invertible <> o % det ,a... O | =22...2n = A +0. Wi
0 An = “'?M
L - 3]' [0}
In mis ase, [TIg=0[1ly -
0 “h':‘

Problem -

D) Given T, +hen do we know if the answer Yes or No 2
How do we know if we tan find B : LTI is diggemal 2

2 the onswer 5 Yes. how aw find B2

2) .4 is No, which is the Simplest matyix can associate to [ 2
Jordan form: can always find a basis B :

“~see it in Algebra B

e [1], :F'.. o ]<=p 3B: Ty = vy Vviel & IB: Teavd =alvd = axivi Yuel
. ...7'!0'1

< Ti<Viz) € <v7 VPwied.
Def: Given TeHomp(v.v) . A subspace S of V is called INVARIANT UNDER T, or T-invariant.
o TeS> €S

DT:V—=V, Ttos =p. = Ti<o> = (109> =+$0% €<o>. = <07 is T-imaviemt T eV. WreV.
> TweV Vs T-invariamt
DO:VsV. Ow:zo tvel. = 08 =T0mn, veST = 10418, = 8 is O-invarient VS<V.
ld-V—=V. Ildewy=v VveV. = ldS) =Tidtw, veSh1 =S, = S |s Id-iavarient VSV
) T:Rex) =R . Tpin) = Pl .
™hen Tlagtas r +Oaf") = Qi +20a% 13037+ -+ nAn X" > [ (Renlx]) = T(Rens(x1) €Renlx] — Renlx1 is T-invarient.

A Texy) = (x+y.%ey) . Toxx) =126, 20 .= 2(x.%).
lot @ =Fxxy 7B Trerecl |—x € <l T-invayrent



VU=fom. 2ept | Texam = 03x.3x). = Tan=240. T £V, Vis nor T invarient.
f{ndfﬂﬂ B st l1lg is diogonal s equal to finding B: <Vi> is T-invavient Wiel .

Vet: Given TeHomp(V,V) . A scalar 2€F is called an EIGENVAIVE of T if dveV  vi0.
st Totwy=pv . In this (nse, the NON-2ERP VECTOR v s called an EIGENVECTOR associated teo

e EIGENVAIVE A if v:0. V2 ne hve -
EaTI=Va= TveV: Tew =29 = TEigenvectors associated 10 2} U o't Tw) =Teoy=0=2.0=2v
[chmw?ﬁiﬁ Space. asseiated to A)

Exom ];.'e, .

I F—T. TIJ-HD = fﬁﬂj,ﬁfj} .
CILENVAIVES = AeF: Trx.jjsa-mjj. for some (2,42 % (0,0) .
Tur.lj) = 2Ky <= fm-JJ A+y) = f)ixu%j-}. < fﬂj:ax = ?::r:aj > Ay =0 ~ A=0 — sy,
’“_'j =33 x=3 > 2X=3% 2 ¥=p oy A2
*270. Tta.xX) = O-(X,-%)
= )=0 is an Elgenvalue , and [X,-X)#0 is an E:Igawsmur associated 1o A=p0
Vo = fiX,-%) VaeFY
A2z T0AX) = x,x) = 2(%.%).
> A:2 is an E{g@w.‘ue; and (x.X)¢0 s an 5:‘55nvaaw associoted fo =2
Vo= Toam - sef) oo
Take (1) eVo. (L) eVa. = T )Y is & basis of F [T]g = [ ]
since [cli-P=9. Teun =200) = 000D +2011), V|
Proposition = f 2 is an Egenvalue for a linear map T:V =V, then Vs is a Subspace of V.
Proof
Option 1: veVa. viv:eVa 2 wrv.elh, VaeF. st avela Vrels.
Dption 2: Va=Pv:Tan=2v1 €V . = tv:Tew=2-ldv} = Tv: T-2duvy=p7 = ker(T-21d)  is a subspace.

g 2

THEQ: let TeHomelv.v) - The following are equal -
) AeF is an Eigenvalue Y l
2) T-ald is not Mono.

3) T-21d is not [so.

# [r-adly is not invermble ve.

A'Is w EIGENVALUE & —% [\5-+Q : |L (“:\F— AT

—_— ) f"\“ﬁf Y
" _"_1, |0 - (‘I_ :\i‘:‘-_j'x\r =0

. i
5) T1-aMdlg is not invertible for some B. =) Ku [LI.—ALG'\FF O
6) DerlT-2dlp =0 for some basis B > ToATA T Mt A Monsust Wi

2] [’H-am dinVedinn + T oo =T =1 '-“w'w




LeMWA: L7

o TeHomeiv), BB are bosis of V, = detllly = detlTly.
Proof -

Since [1]g = (oly (11 (8] = [B15, [1]p- [B]5

= detlTly :da-(mlg-rﬂ&-fa']g) = det([B1g) - der[Tl- derlBlg, @

ten @ =ldet(8ly)" detlTly detigly = detirlp((dercely)" dei(elp) = detlrly
So detlrly = det(ilp UB.B .
Back 1o the thee. take T-21d-V—Vy.  B,B basis of V. = der(r-adlp= det(T-Aldlg |
Pef-
ler T&HGmF[U;U) The chavocteristic Paignamra! ossociated 1o T is Given b‘.-;-:

Prx) = detlxid-Tlg,  for any B basis for V.

(det(T-x1d1p, = (43 det{x1d-TIp) .

TMeD:
Ais an Figenvalue of T <2 is a mwot of ROO.
Praefs) 2 root of Brto) < 0=Pi2). = detlald-Tlp = (0'det (T-rdlp <> A is Eigenvalue

(W T[xnj} = (X+y: A1) . ['T]g = [' '] / T
Fix) :/fmd—T]eJ :I)rﬁd]g-ﬁ]s] =’x- 5 ?J‘(.‘ | | = ] - z-|| = -1 = x(x-2).
Eigenvalue for T: X=0 or X=2 [xis a rot of Pix))
Vo = Tv: Tt = ov] = ker[ = ff:-r.y)eF‘: [: :][;] :["]‘l = f(s\'-lj) : :Hy:nj = Plx. : xeF 1,
V; = fu*:TIU):wH = ty:AT-21d)v) =01 = kEF[T-zld) = ‘FEX;B)EF;:([' 'I-z[* p])[ ]:I PYI
5 ‘i‘ﬁﬂaﬂ):!-tj=u1[=‘?t‘ﬁ.x}r}-\‘t‘-f"f. i o1 ‘j -
2), Eﬂg=[§ s j} P s = (x-D(x-»". = Eigenvalues : 1,2

2 X2 |
? 2 o

V. = kev (T-1d) :*Fl‘?f.t‘.i)r[: : :"”fl :['gJﬁ = P(x,0.2%) - KeFN = <(1,0,2) 5,
2 2 2. [
W = kev (T-21d) = %fx.thz.]:[z' 1 ! ﬁ] :F]'] = Tlxox26)  xeF1 = <01 h2)>.
2 2 211l=2 o

[ S v |
F.‘mliﬂ; e.xmmple.l s .Dm&pna.“mHﬂ= B=1C-) D = [T]Ber z]_
example 2 is not Da‘aganalizaHe.-
Eijenvemm: O X02x), 40 L These is ngt basis of Eijememrs,~

fﬁaﬂ}ﬂ]z X+0. Jprdg_n 'fbm - [Cll g\?]
Do 2



bt CIASS 4. A o
T VoV, find B - [11g s “EASY", for instonce, [Tlp = d-'ajuna.f = [ 0 ?nq]
A eigenvalve of T v eiyenvecior for 2 - V+0 ond Tvy = v
How con we find eigenvalues?
Pt = det(Ix1d-T)g) . VB busis < 2 eigenvalue of T <= Frim=o.
tigenvector ?
Va= 1010 feigenvectors of 21 = fveV: Tev = avi = subspace of TveV: (T-aid)vd=0% = ker(T-21d).
(2 eigenvalue = Va3 1o 2 dimVa %1 )

Dz-f al
A M T:-v-v is Diagonalizable { B bosis of V- [T]E,=[0 '“-a..]

Remowk -
) Tis diagonolizable < In - dnef, B=Fuve v - T =2v; Vizl.2.-n
< JB a bosis of eigenvectors. xx
2 f Tis diaﬂonalimblc = Prto :lhld'T]BJ = | xld - Tr1g| =I o aaml = (%-2)(%-22) . {%-2n) .

= Rix) has all its roots in F

) Ltlg- [n -] ﬁfx)-':l x_11l -{‘x‘ IJ =D 2=| i The unique ﬂgenmn‘ne

.:-frjx,.j); 'ﬂ,;.sgzr;q..jﬂ - f“"’j"" o| [ J I ]’1 = Tty - f Xay =X h:ftno) 2efd = <(10)> .
tigenvestors = T(x.p) . x+ch , ZB basis of eigenvectors..

= 1 is not diagonalizable .
2) T[x.ﬂ)-fx-rj,xfj’.l . [L11g- [- l] Frix) = x(x-2) .

Vo= <lis-Nz Ve=<(1:7, = B=Hn-0, L)y basis and LT]p = [52] |
3) '[T]‘:.[; '2 ::] L B = tx-0x-2)". | D Us<{lo,2)> | Va=<[ii1.2)7.

2 >0

T is not dingonalizable  since FB basis of eigenvectors.
2) Toxy) = (-y.x) | trie=[7 o1 | RPreo=13 x1 = x4

T:R* =R =T is not diagonalizable . Since i+ has no eigenvalues.

T:0'=C" > i, -i are eigen values -

W= 'F{xj‘.a Tex, j)-:cxj)'T ‘li!'xj) Eyox) = Lix, :5331 rf(:-ry} ]lx x 1= 'anﬂ Yy 5&-(11! = <(i1)3

i = oy -y = Lix, -ig)?) = Finy) - 1925, = T i) yec = <L)z
E:iu.l),c-f.oﬁ is a bosis of O = ITJE,:[" "]
e il

PROBIEM: Find conditions on T st Tis diagonalizable .
Remork : eigenveciors asscciated to different eigenvalues are L1 .
?rao'f'- Vil Vm: TGD=2iv; Vito, ?J.‘#—?JJ— Vis], by induction on M :

w=|: AV =r , Wic=>4,:-p
W=2: T(-VI)--'-AJUI T{UJ_}:AII& AiE A



Avitawz =0 = o=T(0) = [lav.+0\) = 1Al + d2daVe = Ao = 20V, + 2ibsVs
= WAVt AalaVe = AV 210V D UN-k) BaVe=0p. Since A3}, Veie = 0:2-0.24 =0,
Suppse w4 = proye m s same
LEMWA -
o TeHomelviv) , ) is eigenvalue , V20, Tun=2v, Fex) = Anx™+ - +Ax+do eFx] .
=T is on eigenvalue of the linear Map PU1)=0nT"+0m T+ - 14T 100.1d - V=V . with eigenveotor V.
Proof -
By induction we can prove that T'tw = 2w
k=1 Tew =2v.
k22 Ty =Telw) = Teavy = aTewy = Av
Pssume 15w = 2%y = Th= T (Tw) =T 0w) = 2 T w = 20
(0nT"+ .- 10T+ Bald] (V) = nTtv) + Ap T 10} + -t ATL) + GoV
= 0n 2" + Ana 2"V v @AV + AoV = Ped) .
THED: let TeHomplv.vd, let 2. 2n be sigemalnes on T i 2iza; Vizj.
D W=VatVa s 4 Vam = V@O Va @ - Slan.
2) of Biis a basis of Va; = BiUB:0.. UBn is a basis of W
2 dimW = dimWa, +dimVas + .. +dimlan
froof -
We kngw that Si4S:4- 18w =8 @%@ .. ®S» &< any veS 18:+ - +Sa fon be writtén in unigue way.
RS v=vitVatr TUn , Vi€S <2 O=VitUz+ -1Un VieS; = U1la+- Un=0
let VitVattUn=0 Viela that is Tind =2 We have to prove that Vi=o Vi,
Set Pt = (A-A)(x-22) - (X-2i)(%-2; 1) [x-Aim) - (x-2n) EFIA] Aitdy. Vit
Fip= (.

Fitap -0
F’?r{.T)I'.MfU:L-"fUn) =Pvi t BV + 4BV 1 Bldmv. =V Vi
1| i 1
Ll = ’ o | U

THED - let TeHomglV,V) the FAE :

DT is diagonalizable .

) Bon = 000" tx-af*  tx-ded™ 0 2032 Vit) [ nzdimV= dimPilx) = C4Cas1Cm).
ond dimVa, =C: Viz12..m.

NdimV = dimVardimVa+ -+ dimVam

HVVa OV @ - ® Vo

Proof - -‘m._;q""
DY 1 | em
A ) b,
T dog = 38 bpsis [Tlp- am] DFO= -2 x5

Maoreover ;. dimla; ZC: Since e basis B tortains  €i L1 eigenveotors associared 1o A;|
HE- kﬂﬂlﬂ 'I:"z Va. & Vh ﬁ? @ VEM :} H=dl-mv 3dl-.ﬂVA| +dn;mbhl"' +dllmuam A ﬂ.—r ¥ T -rl':‘rull =M



..F dimVa; 7Ci 2 nZ dimVa, tdimVa, + - +dimVam 2016+ tCmzn = n3p &mmd’;m'an
=>dimV2; = Ci
D> 3):

h:deﬂ_ﬁ[x) = Ltlotontlom . D AdimVz=nz81ls+ .1 0m = dimVa, +dimVd2 + o+ + di VAm
324

We know +hat Va @ 1h.® - @Vom €V
and dim [V?:.E'I/zz)a.@--~ @ij) = dimVa - +dimVam =dimV=n_ = KO KD - ®&Vim =V
P+ 1);

A V-0 @Vm 2IB 2 basis of B st B=B. UL:UB3 .- UBn Bibass of Va;.

Bi = basic of tigenveotors associoted to ;.

> % is a basis of eigemectors =T is diggonalizable
Camllwg 4 TeHomp (W), Prix) =tx-200x-2) ... (x-2m) €FIX] . i 3% Vit = Tis dmjam:.-myg,
Pmo-f : We know that dimlia; 21 .

Marewver, VZVa, @ ...@Van =>n=dimV Z2dimVa + - - tdmVan Z |11+ .+1 =n = dimlp; =1 i .

Def. 2 cigenvalue of T.

Algebraic mutiplicity of 2 = Mutiplicity of the root 2 in Féx.

Geometric multiplicity of 2 = dimVa.
THEDS T is diagonalizable <> Fo0 has all its reots in F and 5&:!!—1!1u!-ﬁ(h)=n!3-muﬂfﬂ) » ¥A: Prta=o0.
Remayk -
D (oom-wult (2121 and  Alg-muki(2) 21 Y2 root of B0,
) {or ony Ligemalue 2, Geo-muH €2) < 4l4- muh(A).
Froof-
1) Jgt k= geo-muH(x). = T wd basis of Va.

fvwed AT inV. wean odend it 1o a basis B=fv.v. v, Ven.. vad

A0 --f?d-m--'ﬂm 1 -a 1. =
. IR 3 A g Aok \

[1lp - ( AL ‘ = PFM?:/ oA = Ix-2)x-2)x-2).) . - (-2 900
15 S el ' :
60 0 o Oonn B A By - Mol I

= alg-muhm 2k

Homglviv) < Matp).
T «——[0Olg-A.
We con define agenImgs and egenveciors for A
03 [x] e Mntp)
Alx] = ».TIx] |
A d-‘aﬂm\alizhﬂe < JC eMnlp) invertable st cac = [ o '~.h“]
$ P

s, & Il = [l U1y, =idlp, [T, I&a],



b9. CIASS 28
Homg {v.V) — Mntp>
T— [1lg.  dotT =detltly.  We know detl1ly - detltly VB2 basis.
Frto = detlxld - Tlg = det(xid-T) . -
T diagonalizable — A diagonalizable - A-LTlg - D’[ a:"-)lnI = [1lg' = EE;']; I1lp [elg
I »
lg - I“;--Z,l ¢ iverible . C'AC = [ 1"‘-?...] |
%f-
Civen A.B eMnlp). We say that A is similar 0 & f ACeMnlp) inverse= A=C'BC.
Notation : A
Pmpvsm‘am “Similar" is an Equivdlence Relation A n B <> e, AzC'BL
froof -
@ Aap.<=>T1d: A=1d"-A ld.
@D AP 430, A=0BC = To': Bolc). AL &= BaA,
DAk Anhy e 300 - A0 Al  A=CRAsCe = A=CoC A 0)C) HGOT P (LaL). = A ~As
THEOD -
AnvPz < A and A: are ossociated 1o the Same the LM < T-F—F" e I[:FoF : [11p:=A. [T1p,= Ax BBy bess
Froof-
=) Assume [Tlp, <A [Ty, -As  then A= U7l = (B]p, [TTp, (8], =[BT, A (8], = A~
=) Mesume A~ M define T-F'—F" 81  Ax= [1lp, for some basis Ba of F".
Aiafy = 3L inverse : Ai=L"Av L =C" 7l L = EB.];..ETJH,E&]B'_ = [11y, where B is me busis st IbJp, -C

[ |
Find B st Ehlh:[ﬂ I 2], Bo,ﬂ'{l,h|).fu.-:.:),£o.a,|)]l _ &:fu.,uz.us'l‘
| P @
Vizifn)+ ofot) +1.(o.0.0). Vez 1)+ 1o ) +0.00,0,1). Vo= aling)+2.(001)+0(0,0,)

Removk: A is diagomalizable Eéﬂ Je:p=i"A.C|
A By A
=L ol 8 a b [l 3% o i1 L Ll b= rThe 22 (7 o dnghatiosle
Propasition : AinAz = Falx) = Putx) + where Falx) =det[xld-A) .
Proof -
A-uﬁzﬂl—e_g I7:F"f" = A=lrle, , Ae=T1lp,
Pai (%) :d@f{a’id _A) = d@r({x:;i—ﬂg.-,) = Prtx).
Id & Mntp). id:F"=F" id=Lidlp,
= Pafx = Pasl - P,
Remork - ef - Bl =Patx) 3> AaAz



Eoumerﬁam]?f&

Ai=ld. A,:[. ,] E'ﬂ.lx):[“ aJ:b‘_n,_ &:mzlxq -

o | o - o X

=(x-*

AlwBz <= IC ipverse - A2=C'00 = L 1dC=1d. bt Artld = (owtradiction

THEO: { AiA: are diagonalizable . then A.~Az < Bafx) = Pazt).
Rzmavk:

M 2 O - A i 2 g J ,
( 23° ) m( ;-33- ) noce i‘-f 132.0 J o ET]B’ = A3 T ETJB’ .

Bz Vv 1. Bz duu v,
Prove the theo :
=) Previous proposition . ro 7 ]
) PP, ClAL - 0"'3.,] , | CLBaCa= Iv e
Fei mici 1%) = dﬁr(ﬂd -G AiG) = dﬁ{x.ﬂ?!dﬂi ‘C;lﬂ.'f.",-) = d&f(ﬂ;lﬁ’fd‘ﬂr]ﬁ;l .
- detC}- det(xld-A;) .detc; = det(xld-A7) = Faix)

o [z, @ x-dinl D A2 (X-An) = (- )kt (x-S}, > TAr A0 =Tt}
TUEQ: let T:V—=V. st Fix) has all its roots in F . Bl) =(x-2)lx-22) - .. Gr-2n). AieF
Then 3B a bosis of V st Ullp is upper triangular, that is Lilg= [ﬂ * ]

0 M
Elj induction on n=dimV.
nz1. Prid =(a-20) = [flp=[a] =T-2id.
Assume true for k-1
Ai is the root of Fitx) = 2 is eigenvalue = Ivzo, Tev)= 2.
Extend v +o a basis B=Tvi ... ) = ITJB:[‘;' f_: A~ a"’J

0 OOk
Lot W =5pan[ve Vs~ Vi) . = dimh = k.
T:Won: ET']B;:F? HIMKJ for B=fu..ud
a.nlz----att
Tow) = v, + s+ OsaVet - + OV = Db+ Tiwa),

1}
: l Tfﬁ.}, | g Cﬂf‘*
Ttve) = apvi+ T, [ T C since [Tl =] ™. J because T' is jn k.
- ik (] oL
let B=Fv,w...wad  T1la= A

Tiw; = Tib;l.’:.f : "-'rann] = blﬁ'.k'.' + - -1ka|’.Iu'|.-) = h[ﬂub’;-rl’hﬁ])f e fbk{ﬂ.lklfa fTEI{t.'IJ ='.b;au.1 . “‘fbkﬂik)],ﬁ TTEIJ:I&+ ~--1'b¢|.i'r] =60 +Towd,

N



The Comugomps WM Thbst Ml Tger son?

6.1n. CIASS 26.

“ ~n " EQWVAIENCS REIATION INA.  Aln - Guotient Set = Tlal, aeAl=7A;,icl}

[a] = fbeh : b | | ]

V o veotor space , SEV subspace - Set A. A | A
Yuw € F-nes.
EQV|VAIENT RELATION :

DVav e vv=0e8,

D(Vanw = NVV) <D (v-w=-uesS. = m—v:-M:(-JJ.uES). V.

3) (W, war 2 var) < [(V-wel, wreS =2v-uzy-w+wuel) v.
V/S = Quotient set = SIvl, veVl , [vl=fweV: wuv = fneV: w-ved]

= TweV: w-v=8, 88y . =Twey: §=K+S.SES?|= g+§ =174
Exomple .

V=R, 8= <17 = Tlaa), aeR} - Ix, YO A IxY) <D (XX y-y) = (a.0) 1+ 06R <2 (X 1y ) +(a.0) = (x'.H'J,
= Ul =Atxu+l.0), A6RY . let Gsp=30). = 30) +8=[(30)]

/ .7 S:zlo)+S=l00)]

— (LphS:ﬁLDl-rA{m}‘f.

(5.0
o,/ (2.0 V/s =Set of all lines parallel 0 S: x=y |
/ :f[x,,l.lﬂ] = {x,,lj,g]-n-s = [EXa‘juﬂ]]l'
Sinte {Aoa) ~ {ﬁ.—ﬂ,,al = (Xo14o) ~(%o-yo,0) = .‘!nga] és,
V/3 «—R.

Lixoya] — YoV
THEO: { S is a subgpace of V. then VIS s a vector Space,
02 Tvl+ Lwl = Tv+wl,

(2> 20yl = [avl



Pmaf:
M. Vav. wow' =D eSS w-wed = vil-1w)el
v]=Iv] [wl=lw] = [vew] = [v'+w'l
() yay' 2v-vel = Av-Qv = A-weS. S Avan
vl=[v] = Dwlabwl
[vl+iwl = [v+w] = [wl +lv]

APPLICATION :

{ T-V—W not a Mono . We an mansform i+ int0 & Monp Movemver, into an lso.
THEO:

let T-V— W, be a LM. kerTeV. subspace . Then 3! T-Vike] — W a Mong

have e diagram : v
ol vTow. Viked =0Vl v-v's i, veekarT]
delete the vem?'é_? [v] \L kel = o+ ker| =[o]
which We dorih ham VierT 4 T

Proof of he theo:

Sinoe - vrkerT. = Tl = Th) + TleoD) = Teyy = Tiod) =T and we define T =Tan.
Well- defined : v~ v' = v-v'e ko] = Tew =Tewy

= Lw] = Trovh = T(ow) .

T is m
> TiVfe] —Iml Iso.  Ttod) =T = Tao

l Texyp = x-y. ker[ =S,
R:/S lso .

THED: 1 dimV <co. then dimV/s = dimV - dimS.
Proof: define T:V—V/s. Epi.  dimV = dimkerk + dim T

Vi [v] cdimS +dmvis. A
kerTi = Tv- IW=[o]1 = v, v0eST1:=6.
DuALITY .
Hamuasneaas Sasmms of S . m:&srm of Solutions , Sep"

Linear Equations in n unknpwns.
D2f= |-f V is a vector Sl:ma; The. -DMI G-F V is the Veotor SPM V*::'FT’V'_’FIi =HMFIUFF]

MED: dimV?* = dimV ./ Proof: V*<Homp (V. F) <% Mian CF) Hom (VW) €5 Mmun ().
dimV = n - dimV?. AimV=n. dimW=m.
Def: f B=fv,. val is a busis of V, 1hen B=fv* 2 .V, W -V—F -’W:f”'-)"'- = LM,
VItV) =0 )+i.



UXowple
VG=110), (o) = Te, & . = 6*=1et. e, €=R =R
87'(::.11} = &"[x-e.ay-eﬂ = x-gite) + 1Ae:’.*£ep) = X1+ yoz=x.
Gulxy) = Gllxe rye) = x el + 45l = X0y =y,
forany T:-R'=R. Teed-Jio)=a.  Tonp=xles+ylien - T-aetspet.
Teen =Teo) =b. = AX+ bﬂ
THED : § & is a basis for V. then B is & basis of V*.
Proof -
nep. TWh v vEw is 1D
Q- ﬂ.Uf"-r.{;l;,Uf-r L +anva - V—F.
Owd =0 =(av¥+ .- +a.vd)LV) = alum;} + AV (V) + o+ By U,?*NTJ +--~+a..ﬂv';ﬁ_u-) = Q;
: K] R ;
Sfor¥a =0 izh2-.n = B'is Il
Since dimV = dimV? > B* s a basis .
Det: T w*—v* .
(P:W=F) — Tee): V=F - T7p) = T .
T\,/Lr
We can check: TH je o W
ANNIHILATOR - Xx°.
Dej: X €V subset X°= eV, Y -0, Yxex1 . Y V—F.
Rroposition: XeV = X°is a subspace of V*.
?mposi-ﬁam ScV subspace . then dim S° +dimS =dimV = dimV/*
Proof of +he second pro-
1.8V Indusion, T*V*—8*, ImT¥=8* ferT?-2g°
Tegr = s. = dimV?* = dimV = dimkerT* +dimlmTF = dim S° + dimS” = dimS°+ dimS. N
THED -
let SV Subspace S2-FfeVv*- Vix)z0 VxeSA. U=TveV: Yew=0 ¥YY¥eS°Y
Then S=U
Pmof_
ScV: 7eS =>YPuz0 WeS = xep). = S,
Sz : bj Covivadiction , abume. Jvel), VS [vio) take Tu.. VF| & basis of 8.
V¢S = Fu. un v 1T Extend 10 a basis of V: TV Vr Vi V.. Vil
Qo v¥eVt, vHiwzo . vHudzo = v zp YxeS = vFeSe b vz > v db.
= lortvadiction . = Yvel = veS = eSS,
=|S:=p. R



SER{ g:gwfﬂ'l'ad)'{d’hl’ojjlgk+' “Ait0210, -0
8% 1Y- ae} +med meé.*wqe:{ . o =o0. Pe-,11,0)= 07 .=f?=ﬂ.€j‘+a;e§+ﬂ3€j‘+ﬂ+&f= A0z t0e-0 1.
z{tabel radi+ o-b)gf+bel , aber? . fi-gra, A
-,sfdn'f‘eﬂf‘t era8 , -et-G e By :;:,a;?; L
Q== 'fx-fi.'m.x,,x,,xq): {-—gf.;z';,m;)m);ai y ff?fux;.x,,xq) ] -}(.‘l)t;dzx,,r.pl' =0, Oa=h
(-gi4 €;+€$fo) =0 “Xi X3 tXq =0 .



