


25 UPsS 1
VSLEVII for what2 The Wore yom dewbt . the move yow learn.
bx awple - ‘f:?"’R‘ , =031 an we deduce Hta) t Ay aerk’?
'FfR——"Rz s a4 ftunction Saah's-fg{n@:
O ftn = (2,42
» Romd R HAVE AlGEBLA STRULTYVRES AND 1 behaves
RR ——S R | Rrkl 2, R’z.
(0b) — ab.  (a.06p) — (4%, ay).

f1ab) = a-{tp.
£ - fla) = arfw = a* (2. ) = (32, -0

FVECTOR SPACES © 8ets of vectgye with Two A{\gebm‘c STRULTURES .
LINEAR MAPS : Funotiones Between F.v.s. Thar behme well The Algebraic ST

FEWD - SET WITH THE AIGERRA STRULTURES

Fielo
vet: A field js a nonempty et F wirh Twe AIGEBRA STRUCTURES.
+: HF —F. Addition  (a.b) — atb .
» - F«F — F Product  (@.b> — ab .
CATISHYING THE FOIOWING AXIOMS .

ASCOCIATIVITY: Si: (atb)«C = A+(bte>. Va.b eF.
P (ab¢ = albC)

COMMUTATIVITY: So:  a+b= bta Va.beF.
?2- £ ab = ba
IDENTITY - Sa: dpeF. atp= 0+a=a VaeF

Pz: J1ef: aql=10=a VaeF.

INVERSE - Sa: VaeF. F-aeF - Q+t-ad=(a)+a =0.
Pa: VaeF. A3o0. da'eF . ada=ala=).

DISTRIBODTIVITY D: alb+r) = db+ar. Va. b, 0 eF.



xample. -
IN=t1324 -1 NaN EsN UNDVETIOND. $:5:%eD4 . 5 o NoT A FHiBD.

NN — N P Pz PQ-E&—
2 . No=40.0.22,-4  NoxNp 2> No Q.ngséﬁ D = NoT A FReID.
No xNo == No PFBPJ&B&
2) z;-?...-;.-—l,o.j.z--~2{ 217 2> Z 3,9 8:8, D = NOT A FELD
Z:2 25 2. PP P B |
9 G:=Y% abez b2« BARER. 5854 » 518 A Fed
OxQ —@. PPRPPs
5 R. Rxp == R S A AELD.
RxR — R
NENoC € EREREC.

PROBLEMS - Find soluctions foy e follovng equations :

C= Set of COMPLEX NUMPBERS.
PROPERTY :

Any polywomial equation in C that has a Seluction m C

s

)

Cleck: 9323 T | {

) ({@H {Cr}”ﬁ'ﬁ (4T

o) e an ohack if
| |Zi~¢]+*—;u1'[w+?'+-f-::' — (ﬂ."'[’“‘}plﬁ{dﬂb ] ONTIEF O

| = N (aib)- (B3, 525) =000V

o ql%(lié‘\]=(ﬁlﬂ) = (H%(ﬁig. e

(o o= laib 0,0 [’dll'ﬂ}1 |
b= (¢ —— ,; aﬂl:’;w 2 nCe (a-b)*(vm).

q QY = -bX
RA-bx=a J:) (7,4 =(@%g. j’%,f )
'U-b‘lj :’.-b



L: B is a Tield

R—> %R INJECTIVE MAP .
a— (a.0)
(g + (b = (a+b ,0+0) = (b .0) . BBHAVE WEBI wiTH ADDICTION . PRODULT.

(2:0) - (b.v) =(2b-00 , #-0+0b) = (4b, 0D

(b= (i) + (b 0) = (A.0)+bo)(0:)) = A+ blo) = a+bi  Binomial Txpression |
Remark -

O itz (o)le)= 1,0 = -

») (atbid (etdi) = (a+0) +(b+d)i .

%) (athi)-(c+diD = ale+dy) + bile+di) = (a0 -bd) + @d+be):

DEFINITION: Z=(ab)= atbi el .

A=Re3 = Real pawrt of 3. b= Ime = lma\g:mry pav+ of B .
2= (4, -b) = a-bi CONJUGATE of 2.

12l= [a%b e®zo. MODULE of 2. <= 12| = distance of () +o (00>

2.5 . [UASS 2.

Det. et 2=Llab) = a+biel .

D MODVLE : 121 =4oxB . = DISTANCE (@.p) , (0,02
» CONJVGATE: 2=Q-bi

Im2zp | --

Pedza

PROPERTIES ABOUT CONJULATE :

DE=R . E

» i+ Zzc 2k, . %

3) z2-2= 2lmz |

Pvaa-F let z2=a+bi w=C+dr

£ 2w = Atbit Ltdl = QL+ btdi = atc (bt 5> zim = 2+
Z4+W = fibi + Codi = Aa=bi+o-di = ate -(b+d)i.

CBOMETRIC  INTERPRETATION of Z+w.

Z-a e (a;Q
il W= c4di = (cd)
244 = () (bﬁl )
o = -r__\ujr'ﬁ b
PROPERTIES OF MODULE :
D 2Z=l2” ] 2 |1Z2wl=12l- Iwl.
D |2l = I-2] =|Z] 4y 121 Z|, wto. Clz+wl # 12] +1w]) .

Iw|



PVUt?-f:
(1) 22 =(atbl a-b1) = A +bai -abi -bi* = ol = (&) = 121”
To prove @), we Should prove the lemma : X=y<=> A=y> fov Xyzo X yer.
Az & K= =0 YXX-P=0 <> X-Y =0 <> ¥=y. R
So By the DEFINITION , (2] = 0% eR , and 12122 . Ia wl (2] lw] <> [2w] * (E_Ll!u,D
t%wi"' (W) W = (2uWD L2 WD =E 2D tw D = 21~ 1wl = (2] 1wy 8

pmavk '-

) CONTVGATE of COMPLEX NUMBERS extends the abgolute Vplue of
PEAL NUMBGRS
2=z(a.0)=o+oi , 121=]p%0 =T = lal

)
) A b -
Z=tbi o = Z-' =248 ta+p | | ]
Q[}ﬁc,e Zz2=|2] . = 5(}+g eRyp. = Z_ém = QD 2"4:_3.*51’:;;; |

) L1
So 272 (A-bD 7B = E a-+bb'-

VROPERTIES :
D Re? < Rzl £ 121
2) |Z+wl| € (2l 1 Iwl  TRIANGIE

LAMMA X, yer , %420 hen %29 = X7y
Proof: X724’ XY 720 S XeP(AY 70  Sipce xey20
Co x- Y70 = A2

Pemawk In pavtiolew = {72 Jy < X2Y20

Proof: )

D zzp+bi 2 a<lnl =@ <la.  since aleath
= PeZ < [RPez (< 12|

D 12+ W LRI +lw] <= [2rw ] <(Z)Hw)

TATATRETATIn o KN




210 . CIASS 2,

BINOMIAI FORM . 2=q¢bi = (@b,

@) & d) = (atc, b+d)

@.b)(c.d? = cac-bd, ad+bc).

a-(b.c) =@ 0) (b.c) =Cab-oc, ac+ob) = (Apb. Al .

POLAR TORM

2:Po P12l O=Amg%. A 2-gebi . P=la+B. O=AwyD (Bepam)
= Poosh . 7

7b:‘-—?9fﬂ9 T " .

2= PlosO+ isinQ) = Peish =Pef .

Pomark: f 2-0<21zl-0  POIAR ToRM FOR 2=0 IS P=o. O is npt defre

POLAR FORM FOR PRODUCT .
Theoyem: If z.welC ' 2.w=+0 . Then e polar form of 8W £ gien by:
(2wl = (2] Iw] .
Avg(zw)= Av4Z +Argw .— 2K . For FEB.
PRODE -
2w = (7 005(»‘3(78) T fesin 0958) L)[ Ao 06&’03@?0) 'I'EUSJ}’J(ﬁﬁN)'éD L
zPe-Ro ‘C%@ﬁiﬁ@hﬂ f (S)W/ngfﬁ@'h))) )
CORDIIARY : If 2eC / heN = the polar form of 2" 5

127 = 121" D | 1
Aq(Z) = wh(® - 1. for keZ. > eas'| to Preve by induction

Since, [MHi|=4y . = Bi:ri:: E'Qié -
Qo 2= (i) = (i)™ = (12)77 = 2 Mg (2) = 1242- A 2D pb ket
Pn\q (Z2) = l%}% + AT ﬁ%Z%ﬂﬁﬂ e 10,27)
Now . we need 4o awpae & . 0< 1400 o] o DL 4TI-4F <4
This s 4 BIMINDER of AiVition by 4 .
: 4. _ (671-4E0T _ 3 _ T iR ST
611 416742 . S0 Arg(2) 0T - 27 S 2=2"¢ 27

RoOT.
YROBLEM : we want 10 find all zeC . that satisky 2=w. Tor some wel nen.
REMARK : (£ w:0. > 2%0 <= (2]"z12=p <= [2/z0. < Z=0.

TUBD: Let weC , w#o. neN then -
Z"::w =2 Z;m- [%W*!Qﬂw};’iﬁ> £z0,1:2- n-i



?rao-F: 2" w (12" = Iwl And Arj(Z”) = Agn. <> (Z["=Iw| And Hfﬁ@Z-Zkﬁ:A@h}Ci&?zﬂD
< 1z = Tiw| = unique pesitive real n-rvat of the pesitive real numbey (wl
pnd Aygz = BT o 0o 0 | ke
= 0= ﬁrgwm-rzkﬂém-k < Q< Arjmwkrwzmr |
= —Angw €2k < MTT-—ﬁng, Since. DSArgw < 271. > 271< A <0 .
= =A< -hgw S24f £ MNTT-Agn < onTl-0
S YT Lk <] <= - <k<n. <= k=0,1,2,%1n-|

Zy =16 ols.(”—gﬂi) - kz0.1,2.%,
Zo<?2050=2.

212 2cich > 2 4
Zz= 20N = 2.

Zz = 2‘0‘9?:& Ul 2.

to

PRI
EXBVPLES: REREC .
OTHER BXAMPLES : @Til= Sa+bi , a,be®4. QU] = Ta+bls . a. b e&A.

H__sr‘\l' VT F
046 8 D
ROz
2 Q. 2.(1 iy
: N 2'2 /2’2-:'\; =3I'-.®
@qx T At e
ll {‘ i“‘- :‘ i a,lfril.. T‘f-T.r .--:u SAME AMYiTen Pyt ﬂ'.vh’LT\]
2:2 =\ i T M AreQy

POLYNOMIALS ON ONE& VARIABLE X WITH COEFFICIENTS ON A FIEID F .
S0z fo10g+0Xa - s0a%" , QieF, NeN.  Ais an [ndeterminaie .
Z(Qo 11 Q> 1Ay .- An i 0,0, 1)
DEFINITIONS {100 2 o + QB+ @A 40 W0 -+ QnA” = GO0 = ot bt bax*+ 6322 4. . +ms™
< Qe=bk. Vrzo.
(1)

(V) $£X)panx—raf%hmﬂ a2 p &2 Re=p VYeazv.



(% ¥1x1 = set ef All POLYNOMIAS N ONE VARIABLE WITH CLEFFICENTS InF.
%) We con defipe an AODITION And a PRODVCT In FLX).

Fix) 1 Fro %?(x). Ftxo»Fo 2 Fex)
2008+ Zbix' = Zlishi)X! ZaiX' #2 bix' :2(,%}#6!:'13))(*'

(FO() ;+=:) catisfies gwnggéx . D.
I P PP, Re  (cCheck tnat Anese s no foxo st {0 A=)

NoT A FIELD .
REMARK : Compowe with (2,1 ,-) Withowt P2+ we aalled i+ BINGS .

PH - LA -fm-:aﬁmx—ravx"*--- +aw7f"ef675) .ﬁrﬁ)iﬁ,

1) dgg {!)() = MaX 'FF;@F-T'OII :

M) f n=deg{, On= LEADING COBFFICIENT.

D fnz dggfx)r anz\ %) is aalled  MONIC .

PROPOSITION « If fxo, 9exd €F1AY , {n). 460 #0 1+ then -

D {0 G40

» deg(fw)-900) = 4 fuo ‘?d%@()() ,

2 I w1900 40" thon degcfoqi0) <max3deg fo. degign)].

2.12. CIASS 4.

n Z . A‘Hﬂ mez . nzo.l, 4. (pn be nrirten a2 A UNIGUE way as (£1) himes A Droduct
of positive TRIMG NUMBBR .

(Z11.9) BINU < PosHive Prime numbgrs,

(Fix1 . +.2) BING <— Monic IRREDUCIBLE POIYNOMIALS .

vef: A poynomial fin €FIX1 is called IRREDUCIBLE if fuo#o . deqfix) #0. And
{ %) =40¥)-h0x) ;g.hefm. #-dgﬂfjm) =0 or degChi) =o,
Pemovk: fu) |5 IRREDUCIBLE <=5 {ux) #0 , and i+ Comnot be writien as e product of
AWo non-govstant  polyromials .

A\ = (R40(X-1)  NOT  IRREDUUARBE
X-n = GOO)-NX) = dealx-2) = = deaCInoD + dealhx)) = (0 =0 or WX =D.



So. g8 or how is comstant , X-A  is  IRREDULIBIG .

Al K- (X+0)  NOT [RREDUCIBIE in C(K]

X4 s |PREDUUBLE In 0L and Rixl .

X3 = (A-]3)(A+]z)  NOT IRREDUCIBLE in RTXI ov jn CIXT.

%% o IRREDUCIBL in QX .

THED - Any non-constant  polynomial ia Fix1 com be: writien in a UNIGUE As a

constomt Times  of Monic IRREDUCLBLE POolYNOMIALS .

(USE INDUCTION TO PROVE BY Degfop?).

Remayk: IT IS NUT EASY TO DPETERMINE IF A POIYNOMIALS ftx) 15 IRREDUCIBLE OR NOT.
AND |T 1S NOT BASY TO FACTORIZE A PolYNomiAl INTo A PRODUCT.

THE BASY IDEA i FIND RDUTS.

DIVISION MAGORITHM IN Fix] .

for any {00, g0 eTTA1, gur+o, these exist UNIRUB 4ex), 1(X) 6 Fx1 sy

1002 400-4)1 YOO+ YIR=0 oV deglr> < deg(9).

Proo-f: X:-fﬁmsgf)c)me .. #,jé’ﬂ:ﬂ’l, I{ peX = 0= 1) “QxX)-9x) , v =0V .

{ v4X, @+ o410 = ?d@(ﬁﬁ)-fﬂﬂﬁfxﬂ / ﬂfjefbr}?? SNo. WOP: s fivst element in deg X .
5= dej tftx) = 400gm)  Suqyase.  deg(v> > déﬁ(ﬁ) - ==~ Lontradiction .

Detfinition = (&t fo0eFixl  AeF . Say what A4 15 a root of #x> «f fia =0

REMAINDER THEOREM

lex fo0€t0xd (aeF. the Yemainder of the division of foo by 3o is fw
Proof :

by ‘:‘he DIVISION ALGORITHM . T i , rixoeTod « fix)= (A3 +vix) with
Y20 ov dey()<def(x-00=) =2 deglrd=0 = VX = = vorstant

fo10 = G-004) 4C . F)= 04 1C = ¢c=1ta) = i) = (X-AV4(¥) + frad) K
COROIIARY: (et {evoeFixl . {thHh+0. THEN a is & Yoot of 1x) =2 {0 =o@ﬁxmé’4y



2] CASS §
VECTOR SPACES.
Def: let Fbe a field, V be a set. then v is an F-yedor Space . If there ave two gporations :
ADDITION OF VECIORS :  + : VxV —V.
(v ivw)— v+w.
PRODUCT BY SCALPRS: «: Fxrv — .
(2, V) — Av.
SMistjinﬂ :
Si) ALLOUATIVITY : (vryd+ M = vV + (WAL . Vv w e/,
SHCOMNUTATIVITY = V1w = w4V, YVir, weV.
S2) IDENTITY - doeV: vV4ozv=0+Vv , FVEV
Cu) INVBRSE - VveV. d-veV, v+ FY)=p= EW+ V.

M) vtV =A-v+r Uy » Yr.ueF. veV

M) (Ma)V= aliv) , Vi, ueF, veV. \/= SET OF VELTORS .
M) Nlvewd = Av+Adw  PYaeF. v.weV. F=Cb1 OF SCALARS.
M) |-vz v eVv.

Question = 1 £ (M) Y Hat  1'v=v, why we Say nothng apput OV’
Since 0-v=10.
fvom F —7 "~ From V.

Properties - Lot Vbe an F-vector spaee , v.ow ueV. AeEF
) Vih= WK = V=W .

MV = 4w = V=W .
D Uz V=0v; 2A0v=0
3 vz 0v = A=0% or V=Dv.
A-) “\V= ["’||=r7"'}~
Puroo-f:.
D VA= W+ 2 WV+u) + E4D = (w+1) T CU) Sinte -ac.eV:S—bw@{*u) =wtl-0.
2% Y+ 0u =W+ Ou 2 V=n . U+V=M+ = V=w uSe the Same way N

Sz S .
D O0pv-+0uZ 0pv = (01000 & Qv opr = 0= 0. B

S
A0Ov + Ov = A0y % ZI‘COUTDLJ M NO+20v = Q0u=0v.

) 2v=0y we want +0 e that A=0r oY V=0v. If )=0p. we dome,

{ 2x0e. By Po. ANeF. w2 200 = AV =D V= Ly=v
= =VU.



B -vzHIW S V4b)v= 0/ Suce v+ E v+ v 2 (1+e0)V =0p v 2 0y

MORD PROPPTIDS :
), Qv is wnque. .
2 tov any veV, -v is wique

PVGD-F:
(1)1f 0.0" are IDENTITIES In U Sa'risfgf'ng (S2) , then -
0= 0+0 = 0. we have dove

s, fd&nﬂfj od'idm{fj,
(» 1{ v Vi ave |INVER3BS OF 7. then :
Vizvor 0= Vit WAE) 2 etk = Ov+le=1s
= = Vs N

Removk: (S2) = V+¢ smce ovel)

D V= 1% & set with only one element in F-veotor Space.
VzV—V . FrYy — V.
(4, #) > +*+4. (D, %) — D,

ond stisfies 1 -GCa, M —=Mg.

2D V=F is an F-veptor Space.
(F.1,) +iedd QF. w;le F Fxr-—'-:-;;) VECTOR SPACE .
vector  ADDITION OF VECTOR.  PRODVCT OF VBCTORS
+|=+ =
S =5 323 (%): Ov=0¢ , Sa =S M =D Mz =P
R is amm B-VBCIORS SpALE .
(, is am C-VBCTORS EPACD .

7) (F, +,D FIEWD, V= F%Ff-‘ﬂéf:y):myer!.
O+ (A YD) = (A+%" 0 Y+ y)
AA.y) =A%, h-ﬂ)

91'- D‘lﬂ)ﬁ'tﬁl'j') = (7"*?{' f 5‘[’3') = (75"-?7"! \ljl‘l"d) = (7;':]')'1' (75‘3)

S. =09 since (6yd)+(oo) = (#+o, yto) = /xfgl
QQ. ""(ﬁllj> = C--*?{; “""U)
7 'ﬁ’Y N Times

Mz=D M= Pg,.

4‘) ﬂ:n"‘"r') :F'E'/D; V:Fn‘—" ??'T'?':FJ‘F?"“]— = 'lrb’u?‘z.:-u%ﬂ)-' 2’!;7&.;%}‘“2'11&];71
(Z: Je - %) + (X, ?fz.l,ﬁ;-” ) = (X000t Xe4Xe o ... Amtohn) 200.%2. X3 %) = (%0, A%, 2Xn).



D4 DFELD. V=Fixl=SeT OF POLYNOMIALS.
Fixl xFral = FIa1  Addirion of polynomials.
FxFix] — Fix] Production by a constant  polynominl .
Qu o - Aun
6> (F.+.2 HED. V=Mnxm(P) =+(a;.am---ﬂmn) =(ai)> A,]eF_zl
(0i7) +(biD= (A * bip

Nap =(5-aij)
7 let V be an F-vectoy Space , Let X+ set = xV 5. FxV—>V.
T\,A]:- V" = $4:x =V functions? 5 vecrors. -F’fg-' X=): ({19)G0= |fix)+900.
is an F-vecror space . 2f: X—=V: AP0 =210,

® (= T(A+bi. C+dD , abiceRT = VBCTORS

(a1bi, c+di) + @Hbi s C+d'D> =[a+a+bbdi, c+d+dtdDN)

(A+y) (athi, e4di) = (Oxtyidtathi) , (xtyidletdd) => C is @ C-vector space .
Povavk: O alsp an R-vector space  CxC2>C +hen RxC—C

Petinttion .
let Vbe an T-vector Space . A subser ScV is called 4 subgpace if S s an F-vector
Spce- With +the Same opevations as /.

THEO : (et 1) be an F-veotor space  SSV . The following arve equivalent=
DS is a subSpace of U.

D) S+ 61) For any V,weS = PtweS, (W) fwang AeF.reS = el

D@ neS W= (=0 .

QUBSTACE

|'ll.
Be e ?-III-_-_ Vacmwe SPhE: ﬁ\l'l SuRser S‘E:-\f f .

Ts HEE M 1o VSR

Na |' Tye Pllowine AL EIIMVALENT -




2.19. CIASS 6.
F- ve ctoy space F(FIT:')‘HE'd ; (U +S8838, FxV— V*M-M:M;Md.,
SUBSPACE - S2V. S is an F-vecror space with the Same operoctions 4s V.
Question = how do we check if S is an F- vector Space?
ate  VxV 5V  FxV- v =aReswiet it into S.
QxS F5 V. FxS -5y if SX§H8 EKS—=—>8. v

THEO: Let V be an F-veoroy space , let S2V. The following are equal:
WS is a Subspace (=8 is an F-vector Space with the operations from 1)),
B n82¢. D ifvinelS = viweS. i) if AeF. vel 2 AveES.
) DoeS. iDVrwes ., i) ﬁé]:f VeSS, AVES.
Whot We need +0 prove = R) = b
N/

Preof )= b.
. We knov) that amy vector Space = nat-empty . Then S s nat empty.
i) If’ S is on - veHor P with The Same operation ;7 V. Then yestvichpns.:

8xS 59, x5 =8 Ten if vwelS = v+wel. JeF. Vel , Avel. N
bb=0).
We jue-’r need +v prove 1)
Cxg. AveS by i, ref ved. = GV= 005 B
O= Q).
Bﬂ L. we Won that S has addiion ano product. (F.t,:), RxQ+ 8, IxS=38,
Now we Chek the axiom :
) viw+u = Vvrlwrd) Vv, o uedS  This hdde Since it holds Vv, uéel).
S we kaow viw = wry YvoweV.  So in partizular, viw=wiy ¥ weS.
L=, e
LD VeSS, we kgw that —v = DY by (iD. -1F . veS = (Dves.
M) X Vrw) =) 1AW IreF ., v,nwed. )
M) ATV = 2Pl PN, meE. Ve
M2) AdOV = AuV) YA, MEF. Ves.
Me) 1v=p PvEeS

This hold , Since 'rhzy A 1N \/




O let ) be on F vector space >6a oeV/.
Q- 3% s a subspace Uiéé IS S8zVY sa Subspoce . V+we )
AELF, 06S. L 0o=0ES. AEF VEV Al

» V= R)’f'le,q;z) 7%:Y,2eR] . is an R-veotor space

1= ‘hl%'ﬂ‘ )Y, 7‘!(56‘}?)' c\ is not @ subspale sipce 2 =(v.0,0) ¢ T.

anol (Aiys D)+ (A oy 1) = O yry’s 2 €T,

S?’i(%:}j@%;ﬁ&?’l is a subgpace .

l0:0:9)€S vV . Lty D+ (a'sy's 0D = (34X, y1Y,00€S V.
Alx1y.0) = A% 2.0 eS. V.

D) V=R S:4thy2): axsbyrz=0, my,2eR1 ¥
Since (0/010eS.  Rotbot+Co=0 v.
(%420 + (8 .2) = (HX, eds 242D al#+2') + blyryd +c(42)=0. o/ .
Lot R . A%y 2) = (2%, 22D . Since 0Atby~+L2=0 2 DAXt 2~by1-2ti~z‘s=0. Vv .

h iz - - Af b.
1 SahtAaks - +Qinkn = b, (? 2 s ) (?") - (b’)
, = |: : 1
iﬂn.ﬁ-"'ﬂn{lrf v +Qmnfin =bm Amn Bmz OQmn ZAn bm
A - x = b
leg T=1Ghm-4n): PA-b1 S F" < F-vector space .
(0:0.0-DE] & b=bs=bn=0.
Tis not a subsree f bb-ba#0. 1f(b--bad=(0/0:-0) = T=tse--A: A%=0] 2 a subspace..
(00.0 -0)eT.
LERCTIY Y DN A= ('75:!71’;:7‘;"'75;0 eT = Ax=p. Bx'=0. = Ax+x') =AX1AN =0. = x+x'el.
Az (#k A el AeF. =2 AR = A I %= 2AN =D 1d)0o=¢g. = AxeT.

i’)\ﬁ\c o o C-veotor space 1 R2C . R is not a subspae of O veotor space.
DoeR ., i) ?f:gé'r?* > (75+P:>+(5107)= ArY = (X-rg)ft orel. /.
i 2el. %R .= AXER .= Not true since f A=i. N
I otheswise. C is an R-veotorspace.
) g=o+01 ER. i) x;.geﬁ , P Aty = Ftoi 1 Y+0i = (ij)'r oi eR.
i) NER, AeR .2 Ax= AlAt0i) = DA+ 0iER.
- R - veutoy space = RR s an R-vector space.
4 .
» R ‘-‘-'H\-‘P'“"'E functions.

Ne have alreadj checked 21S:S3Sq MMMzl v "
LeA O(B) = 14-R=>R tontnuoucd 1o a aunbstace. of P



et a fumption OCx). O:R->R, QD=0 5 contimuous. then OCA) € CLR
(e $196CB) = f19e (D). 2R . fellR) = D14l
lim (£19) = limA + limg.  [[mQf> = 2 limf.

THE0: 1§ 41,50 ave gubstace of n T-vetor Gace of V. = SNSz is a subspace of V.
.o 1f 3% reTy . = Asi .. .-
Pﬂ?v‘f:
D. 065, 065 . 2 06$,(1% V.
{f vwes 1% = T%w&% > WMWES 5 ) S0
ViwES;: 2 V+weS
4 2eF, VeS0S r;.aneF,Veg. SAVES — PveSNl..
Ael, VeS; 2 VeS;
tixanple -
Ci= %L?i.Lj,I:D ;ﬁijé‘;iﬂ c® | S =150, x2eE1 B | both are Subspace |
SN2 = § 0.0 %R SubSpace o .

C\US = § 4y 5yl U £0,0.2: Ki2ek s NOT @ Subspace.
Since| (111:2) 4 (10,1) z (2)l) & S0S,.

Def.

D let S1.5 be QMbSTM o-f an F-~ vegtoy space V. Then S1S: s the SMI‘}HE&
5@9])&06 D]c V,.Gt?yffal_m‘/lﬁ S\VS: With resped o aclu

Froof : S11Sy (s A subspae bomtaining SiUSz, Si+S: € R>
(7.y:9) €S €St SR”. (0,0.2)€S: S1%. € K

(199 1(0:0:2) €515 . St is A subspace => (042D = (5,4, 0 +(010,2)€ 5115,
SRS+t R, > 5452k

D@‘F;
2-) l.e;i' g, lSy-"gn be Qubs}'ace t?-f V. Thgn glfs.a--rt"'l'grl s the Smallest SMbSPa.C-&

of V. Containing S\USUSs -~ USq.
THED:

)) 91"[’9}: ‘}Vu tWVe . eSS 10}991‘71
?) 91 1Sy + - *gn = FVtVit -+ Vn ; VIES) « el ... *[Vn&Sn‘zl, D (JZ).

é)
PROOF : wEesHméE T0 PROVE THAT Sit+S: IS THE ZMAIEST SUBSPACE. LONTARINING S and S,
B-D0=010. €%+%. since 3.5 are Subspace

eS, €S
i) itz Wituh, VoweSi. b €Sz =W+ )+ Mntwsz) = (V) + (htuz) € $+C;.

iii) 2eF. Uitz VES) 1282 = At ) = A+ A ESHS:

. esS e,
b $¢%. 18, ante yes = VS: 1,; '+ o €9,tS,.
E>r €5

S;‘g'.gufgr one VeSS, = V= V+o eSS



(€ We have 1o prove that S +S> is the SWBIEST ome . let D be a ‘S-tnbﬁpm Containing SVs:.

Ne have 4o prove that Si+S; S U. 1S,
Vitls € S54S = ATV'E'%EU' < Vi,hE V. Uiz a gubf;Pm , = b’iﬂ)}.eu.
V€S, €0 ’5

Remavk : 543, is unique . |
Ui io 4he smallest Subspate containing SUS. 5 (hclh , (LEU
v is the Imallest W% COY\'THI'A'Mﬂ 303,

97’0’ Cflpl% T (i) (1)

Def= the sum vf wo subspaces .Sz of an F-veotor space V is +he SMAIEST SUBSPACG of .
V et comtains SiUSs (D

™MEO: 21+%2 = Tutie ; 1eS, 1.e$27.

troof: Lot X=Jvtin, €S, 2680 . we want 1o prove that X=Si+8z.
Then we have o check. k
DA is & subspuce of V.

iNGUS 2%

i If Uis a subspace of V. SUS:SO=>XED )

7 =_—> 7f=S|1‘S;_ )

R=1tAy.D, xYyeR] + Tloy.2) : y.2eR1 2P fas.y.0+(oy.2) . A1y.yi2eRIER
For amy (xy:2) eR. we have (1,y:3) = (%y.0) 1 (0:0,2) ESi1Sz = The way in which we wvite (xy2) as
= (%100 + (DY, 2) & SitSe, Virle , VieS: . k€8 is nut Wigue.,
S Sa
R;= '?fﬂlglﬁ)l ?f.l‘(’ 327' @ 'f (o, 0"3) = Ze’kwl
X.Y2) = (%.y.0) + (0.0, 2) f:j;.
= farbfﬁ.)* Cﬂif’;d) <=

cC=2 .
Def: DA sum of 1wo subsequences ; SitS: . is called DIRECT SUM M any veotor in SitSw can

be writton in & wique way as VirveeSitS: Ve, e
[ ) U'GH'
Thm ls ) W’Vt-"i}:-"‘tf-"ful. VI‘JVIE-S'I L&,V;Ezgi = fl};:w_
2. B Sum of n %SMG 311'32.4.,.9.;. s DIRECT SUM i-f' )'J:V.-nh—r\),-ru-&b’n=M'-H)£.+I);+m+l}y'|&SﬁS“m-rSn.
'&Y VIfu:évgl ) V;:V;P.«S; L Un:UﬁGgﬂ .



D vzU Wz - Va=Un
2 %P5 ®S; - @Sn
Exawple -
B=04S, = is ot dieot.

=S @S = 'F(H;ﬂm),?l,‘ljekﬁ @ T.0.2), 2eR]. @

= T.®T% ©Ss = F(1.0,0).%RT @1(0:4,0) . yeR] . ® f(v.0,2),2eF1. ©
if we have Qmy (%Y2) . let’s do @ way:

(%Y:2) = (@:b.0) + (6:0,0). = A%, b=y, C=2. then fiv Yxty.2) we have only one Solition
@W“ﬂ:
(%,4:2) = (@i0) +(0.b.0) +(0.0,€) > A=X. b=y, C=2 |
Now, let's assume cx,g,z):.ta,a,o)+(p,b,b>+fa,p,a>.<-_-7f;';g*ﬂ < Tw

= z.—lj.
2=p1+C a --x-zfg :

(t "

PROBLEMS -

D How do we know that (=338 7

H Si+5: €U and any WEV we fan be written as Vitve , UES: . :€S: > WeSitS,

D Uow do we krow hat (V=S @S 7

Tor omy veU oheck that if it can be written as VitlheSitS: St DES, €8s in A wique way .
We hawe o -theo .

TUEOROM :

DS ®S: is a divect sum < 0=Utte , VeSS, heSe.2 Vizp, V=0,

?) Qu @9»&1---@& IS & divect sum <> p= Uttt +Un, UES; , i=l.2....n . DV=l=s= -=Un=D.
Proof -

D =D We kitow hat &ryeus.:ﬁszfg; Qo be written in @ Wigue way 05 W=Vt , ViES, 12652 In particulor «
We kaow m& 0= 0t0 in R Wnique way.
Then p=V+\h = V=0 . =0,
<) AsSUme. W=vitUs = VeV ViileS) , Ve85, We want t0 pove shat U=l V=2,
Since 0zpW-w = Vit —(V10}) = Lf-su'a'w%’})i Bg hypotnesis  Vi-Vizg  \Va-e=0. B uUzV: =tz R
Corollay: 545 = 6, @32 is a divest sum <> S0%: =109 .
PVOO-F: We kow that G+8: = Si®@S: & o=Vitin ., e kel = V=D, Ve=D.
le's See +that Co:ef)%ﬁ?%:; vizo=14) < $,08: = 507 .
2) 1eSiN8:=> 11208z, Since S0 is a Suspate  ard -p=EDY
e30% eS0% V=p

0= v+ CF) = Tvzo = foleQNS. e =308, =707 (We kow that ] €903 ma@).
eSS, eSS,

'{=) let o=+, VeS, 1.8 S Vi=-%.¢é 9-092 = J07. 0= UH’[};, '[97( ME:SJ eSS,
> =0 fw-v > Ses, B W= V5. > UES.2UeSDS;
-Vh=0 Vo =0 BESNS, . D Vzh=z0l > S DSz

Diodle - lek = Fom #eRT. S=Fxi0, %> HeRT



S @S, 7’%(&ID*®T (b, o *l?)! ﬂrbek—‘ll = ‘?(ﬁ'fb; 0,2°b), a:békﬁ. ﬂ:lc;;g
led's +uke any (%,014) fov x1yeR . we have: ?f:a-rb.gm-b{——?.rb:f;ﬁ.
Question = What is SINSz ?
(Aryi2) € Si0%: < (ny.2)€S, <t==>‘f Y=o and x=2. > X=Yy=2=0 > S0Sz = {(o.0,
(#1y.2) €32 Y=0 and X--2
Pomnvk : The coroﬂarg s not true for Nz 3
S tS: ‘fg}* Gy = Ql@gz@&r-*@sﬂ <L 31032:‘?0?), SL[)S%‘-"?t?% Sn108n :7991[
BUT 3482153 = 39S @3, «=> S0(%+S:) =709 S32009,4182) = 103
We will see in Plgebra B

LINEAR COMBINATION

definition -

leA V be on F-vectwy gpace Viile v, WEV.

We say ot w is o Linear Combivecion (LC) of Viive-Ua if 320:02..2n€F st
W=+ 2Ve+ 1 dnWn

D Chetk tmat (1o s a LL of (2.1.%) (1,0.0) and (0/1,1).
Cleos 1) =M(2.003) 1A 1io,0) + D3l0,1 1) <=2 j‘;i?'rg; (__57,,&:;_:1’ @‘T?:;’&
=4(2,%) +ED0.1,1) . 1= 23X +)3 Az =2 -] A2=z0 .
-Dwf: C14S24 -+ 150 = Qum of subspaces = SMANEST SUBSPACE of U -comtain SiSu-0Ss
Def: G ®S, = Divett Sum of -
vet: LC.z Sum ef Qealoys times vectors .
Definition : LA V be an F- vector Space , V- Un€U .
QPAN(MtVL't*Uﬂ): CPAN (TV1,Vz .« V1Y), is he Smallest ( with respect 10 function ) .
Swpspace «f V LORTNING  the set Fvi e, 1.
Pemavk -
let U=3pon(vi,Ve--Un). U is & Subspace and Viel) for any i=1.2,--n
Viel < S$i=72v.2¢F12U.
=) VieU22vieV. sine U is a Subspace

<) Viz kel

THED - Span (i (Vs ---Vn) = Smallest subspace of U aawrau“‘m'ng QUG USz+-USn . Si =121, DEF].
= 91"(91—?m+gn .
=T, 2Vo, s, dnUn , Ai€F 1 = Set of LL.of VisVe-vn

Pefinition .

Ne %y et +he Ser T, V2. Unl Spans the F-vector Space UV if
V= $pan(VeVh-- V) = St of LC. of VivewVi =T2U 26 + 1216 26F T 1200, 2EFT.



Exowmple -
) F=iy:#vetq = San(Flio), 001D, Cxupp=701.0) +y:(0.D.
-Fﬂ:- S an (‘FPHPS; Pn?’) P%(ﬁif?}@)-*'!?), B—-’-(P:f;l:}&«-ﬂ) s 'B'::[PJE’;'”E; l)..

2)

Fr i'-
" S 'u;"m I,I“:-L1|S'|,|:¢I':\'!\|'|
LY | . - 4
c) LS (s o |
& M Peveom e 30 (3068 ) .it-"'-l‘“.N |
- I.III:; ‘Lflr:: *.il:.‘..'l'-:ll': X

Vettor space : <CM) | 1’ 1 AXioms,

F-subspaces = subsets of F-vector space which ave F-vector space.

Union  is. not always & subspace .

Sum on subspace : Si4S2 148, £ SMAIIEST SUBSPACE DF V CONTAINING  S\US20S3---USn.
THEG fwmm*w . VIiESi . i=1.2.--nq
In particuloor = Si=7Tavi 2eF T Ccheck ot Si is & subspace of V)
S5i4S 4 2SSy = ;3:%*7)11/1-? v+ AnVn 21“‘3113’:2’-
bef set of LC of vi---vm.
Pef SMAIEST SUBSET OF V CONTAINING S.US:0- S
Propesition ' ! ) R RTR §
%ef  SPAN (1. Un).
Proposirion = U s a veotor space: Vel <= T2V - AEFT <L)
Exawple -
D (- vevtor space == SPAN ((1,0), (0,1 ).
(a1bi, Crai) = (A+bi)-C1.0) + (etdi)-Lo. 1),
19 LoD does not Span the R-Vvector space C*: (i 1) 3pl1.0) + te (00D | Uit ER.
?) R- vectoy space 0 =L - $}>an3(ho), (i.0) ;(0;:);{0,«1')’],
(@+bi,) Ltdi) = a(1.0) + b(i,0) + clo.)) +dlo.i). ab.c.deR.

5 Lot S=10ary,x.2y) : 7,yeR R Find a spanning set of S.
f;l’-rv;z,)g):(75*%-0)-1'(3-0;}5): ?)’[lrl;t:')-rj[l:f?zl) = S‘;SPﬂnffl;hv);(hD;l)zl



$. Span (C11240), (01.0) & smanest SUBSPACE OF R> CONTAINING 7 (i.2.0) » (o, 1.0,
= fal12.0) + bCoi)1) s a.beR).
= $(ﬁ IZﬂTbe) ’ ﬂ:békﬁ # {2;‘}”’9).

= 's'tmj.a>= Y=2%K+2 1 A2 eR7. r-'f(?ng, y-2x) Y, xepA,
= SPan (tllﬂ'!)}l faflil'}).

Thev: let V be an F-vector space X<V a4 Subsert .
(onsider : §=1SeV. S isa subspace of V. X8 ] Then  Span (%) "sQfS
Proof: f2¢ sine Vef spantx=s0,S < SQFS is & subspace of V.

Slmgle m’( X\,\ X"sq_s Slﬂﬂ@r X:S VSE«-F

0§= (nz, \EP‘ | A

D SitS 1Sy = ‘?Vwrl/;+-"'rl)n, Vi eSiY = 'fhnv.‘fh;r\/z—h-‘*?lnvn ’ l/.'&gi'zl.
= Span (%) . X=5%118z0-.. USn.
We ton apply the theovem for X=S,US:U- )Sn.

7) gPﬁN‘TVI *anl ) A= 'fﬁ 1 V2 V3 .- Un’L
We Con Apply the theovem for vhis X.

FINITE DIMENSIONAI VECTOR SPACES
Def: Pn F-vertor Space V is finrte dimensionol f JAEV. X {finite , st V= span(x).
Thott is A=Fu v vl 5 V=Span(Vite i) = 20+ Dabo+ -+ 20V + Dis Dz - 2m€FT
V is Infinte dimensional if it is not Finite dimensional.
Netodion : V has finite dimension d:‘m,:l/ < co.
V haxs infinite dimension  dimpV = oo .
xample, -
DdfmfF“-’-‘-W gincte (X2 ...%n) = %010 -6'!-9) + Xzfs?ﬁ:a.c?--p) + - + Anl(o oﬂ:pr 0.1,

2) dlﬁmFMmgn CF) < 54 "'?n YT = Qubn +O0En + "‘ﬂmnEMH | {EU)ES _ | [u) » =(k,$)
‘ o (k,S)$Li)).
mi " Dwn
Mumsn (F) = Span (Ea Biz) === Ein. - Emn - Gonn).
% S= span (112,021 €0.1,0) = Tex, 2x+2.2) , x.2eR1 |, dimeS <00 .
4) dimgFIx1 = o0



Def: A sequence of vectors (Vi) in an F-vector space . V is called Llineavly Dependent. LD
f A2 22--2m€F » (A -—2n) #(0,0,0,--0) St 2Vt Dbt -+ Inba=0

Det: A sequente is Lineavly Independent LL. if is not LD.

An Infinite sequence of vectors is wlled LD if it contains 4 finite Subseguence is LD

L1l i5 in 1the same property.

Conviention CF as LT

%32\ CIASS 9.
- We Mwag& wyite 0 as a Trival LL of ViVa...n D= OVt PVet - +0 .
(vivsic V) is LD = 0 Can be written 05 a L.L. of Wv:.--Va in & non-trival Hzy.

Remark :

Do 1§ LL.

2D Fv, eV, veo] LI

2) T,V U VeVl LD Singe
V=+(F0D)\/+ OV 40+ OVn=0.

4){0;]&.1’;...-) LD. OP=)0+0Ve---

(Vw2 LI <= V+N4D. and W2V, A€F

<> ViNF0 . Wéspn ()

(Qﬁqln‘]a dy 36,

'j\', *]1 [lﬂfﬁn{nfﬁ“\\\ U\%-I{q\] ..}-‘:ﬁ' E

000 allod) 3o p )+ eline) == /3 e
= 1 (o2 4 L oyt

—
E e Moy §
leA’s Prove (5.

<) By contradiction: assume. (V. w) ave LD = dab st p=ap+bw

£ bzo = pzav, V40 > a=0 > (AL =(0.6) [ontvddiction

f bto.m> w:pv v 2=B  lomvadiclion Snce w2V wé Span(ed

=>) Agsmme (1iw) LI if Veo=> (W) =(ew) LD f wzo is LD If w=2p.
= (W) is LD. Since P=2V+(Dw. D it is LD

Thevefne , the ol 2ses are (ontwadigtion.



'?.'- X 50K 7 A i FIxd Fisa feld s LI
Ne have &W thod any _-ﬂ'm'-re Subset s LI

0= QA" 4 QvX™+ QoB™ 4 -« T0sA"® <= Azl = ---=0s. ij# Ik ) *E.
sinee the 0 polynomial has all finite Costfiviens .

30,1 (oY 5 LD (0,0.2)= ¥ 1,0:1)+ (3,0:)),
> £o D (ne) (LS. - s LD,

PROBLEM = Whet (s 4he ponnesion  between LD sets  anl Sparming set <
Woposition : let V be an F-vector gpace » fvia, . a1 £ V. Then -
The list (vVeraV) 08 LD 23, Vjeepmliviv.. Vi), for 12520,
n this cose = SpaN(vrivs. Vi) = Spom (Vi Ve - VY Vjen, - VD
Proot:
>) Assume. (VoVe, V) s LD = p= W+ nVzt Tl  2ieF. st Tk De+pi
s not empty ond fivite.  ler j= max Tk: D307, Then:

Dz 2V Ve .- -‘1’25-!’])3_4 + Ejl{)-, = ﬁﬁ:(ﬂ-%")lf. +{%’TJ%+[:%LJ1§T-*' + r-_,a,?'jji)l/j-!.
Vi & Spon (Vi) Vs - V5.
<) f Ve Span s, - Vi) = Vi = 20V 20t A 2 0 Dhee- 21 €F

0= /) 17):«Vz+~~-"!'3j-l J‘Ll-f[‘l)‘)/j — 5')/',;)7;;--*)&,1/3"‘11---W21 s L.D. Q

v 4ms cuse, Vi= RlV:*hwW'f“"fzj-l”l%-j.
O+ Qs + "‘*&Ilﬁ t o 4 OV = AV +2Ve S/ V- m:,(».w~~—r2;—11«}-0—ra;ﬂv}+.+w+ Anln
z(ﬂi*ﬂjhi)l’i —f(av*fajhf}\}t- = LIl 4(6!5410.;23-0 ]}j—l nt ajﬂ}}j-ﬂ + o+ Anlia
>SRN LK V) Vi) = Span (Vidh - Vpa V- Vi)

S:-—" QP&VI ((llOrﬁ); f?’,l{?ﬂ);(f?rjz 0); CO:&:G’); (o, I)) QP%
= S0(10,0) + bl,0,0)+ CLo10) +d(p.30) + elo,o) , ab.c.dieeR
2l (110:9) 4 Span( @) = SMAIIBST SUBSPALE LONTAINING @ = fc0.0.0)%. = j#1I.
) & (719;53)& Q'Fﬂﬂ CI:U?UD ;| SinLe f?;ﬂ?;ﬁo =2:(1.p,0). 1/ .

= SFSFaw(Cha:o) (0:1:0) , (029) , (2:0,)),
To the same oy, Consider 734 2 gf-gfanféhmo) (s 1,0, (0,0,1)).
Pemork -
jol <V € Span(p) = 107 <= =0
2y &2 Vi & Span (8D <= 115,051 LD,
7% =2 Vs e pan (V. %)<= fvok. 8 LD

V;. = AV .

L

J
)



Vropogiion - Let V be an F-vector gpace » I Vs, Vs W is & LT ser
%W:;Wh Nn-ll 5?&”?1[”6 Sex  , that is V: SPﬁH(W: 1Wz;---)'\)n)- Thﬁl’l m=n.
THE (PEDINAUTY OF ANY LI SET < CARDINALITY OF ANY SPANNING SET.

Now » we need +v prove the Pproposition.

let V= epan [wiywz o s W) |, Bo= tWiWzs o Wi, #Bp=n .

STEPl: vieV ¢ QPQH(VUnWwwNﬂB . —) {Nquu-WHJVJ)I L-D.‘{'—:?'fV?rNHPUzWNﬁ LD
<5 i Jizl - SMANBST wj e PV, W, o Wsm). 86 VizD w5 A€
V= opn (We s v W) = 3pon (Ve iy s = Spon (Vi i~ Wi 1 Wit 1 -+ W)
Bre Ave o WL W Ll #BEn

SIGP2 - W eV = pan (v wis ws - Wi o) 22 TVow v Wi s Wy ) LD < Tt b W - ] LD,

‘&'—?aj}u 31/77’- ST WjiésFM(Vqu.:Wu--}‘l)jz-i) Q’L
~ A
= V= 5?“(,27*) = %?ﬂnﬁv’hw;w- > Wi -uhlr-) p QW (Vu Vz wji-'l ;k.bmu-h}n').
4

AN

QT&? m : Vmﬁv.i 9'[761” CBM«D - QPG[H(VHVP“" V'M ") R WJFm“I ;Wj»-ﬂ_:qun>~
= ‘}W:V@“Vm P Wi Wy = W, -vav: 2 Nyjm, m}\)nzl LD. > m< ﬂﬁV‘mﬁUBMO z |+N
V1. Cunnot bﬂ,MPfj~ <2 MZN.

4.2. CIASS 0.

last class = wWe get (ARDINALITY OF ANY SPANNING SET.

Wkt LI, VEpan(eiiwe, o nin) = men,

ADDICATION -

AN subspaces of R® are $o,001 ) R and L=Fatab), @b)eR’ . ab>+0.2¢R7.

-

vst we theok L ave Subspace : - - -
//ZM S be o Subspase .

S subspe = (0. NDES = o)1 €S . I T(0.07=8 > We have done.

I‘F $(0,012S = Ftabder’, lab) +(0.0) : (ab)eS.

S subspree . (abDES DN abYES , YacR =2 L=Talab), IeRTES. |

+ S=1{atab), 2¢R1 We have done .

f —,‘zca,b%(a,:);fa,u).zeﬁ £8 =>dlc)d)€S. (led)+ b)) V)ER.

= Flaub).d)] is LT

Rz'::-‘FCm.lj): 510> +Y(0,0) Z;yékzl = Zpan ([!;o),fpn)) SP?” [2/;'{7))(0,1)) Ll ,
= [#.y) € Span (ta:b> (e.d)) = 1"3.(mb>+%;w,al) 1 )2eRT €8S,

>R cg 2R<8 ¢k = §:Fk°



THEO= LET V BE A FINITE- DIMENTIONAL VBECTOR SPACE , AND LET S BE A
SUBSPACE OF V. THEN & IS AISO A FINITE DIMENTIONAL VECTDR SPACE .
Proof: V finite - dimentional <= I finrt st X<V V=5pan (¥ X =7 wp s - 1um’
I-F 9::19071 = SPﬁn'F ¢’?1 = C s 'ﬁ‘nﬁ'e -dfmmbﬂﬁf~

f not Fv.eS wio.

f S=Spanlvd = S is Afivrte- dimentional

£ ot gpanli) 8 > Tsel, Vi g Sancwd => T, %1 L1

f S=spante, ) = S ks FD.

I'F not Q?ﬁlﬂf,l/ul}z-)f\:s p 37/_569; V;, éSPaVI[VJ;VL> = 'fV;fV}rV;] Z,I .

Since fhe CARDINALITY of any LI .26l is =N This algovial ghould Stop (0 Step £ :

S=span(vi.vi V) =8 is F-D.
BASIS

Dos:
A bosis v & veotor gpace V is an ovdgled LI Spanning Set. That s
Uic a pasie <=2 B s LI, and Vrsrﬂnf,ﬁ).
REMARK : B= F1iabs, Vel V=8panl thil o). <9 ANY veV (AN Bt WRITIEN AS A L.C.OF
ViViw Vi - V2 AVit Ve + v+ dnbin = Jullit faht ot Jath> 0= M)k + Do S Wi+ m+f>Jn7(aM1.
Bis LL &2 Voom be witten in a VNIAUE WAY,
xowple -
O Bz {1022 2 #C1010) 1Yl rli0)+ (0.0, 1 2y 2 €RT,
can be Wvitten in 0 UNIQUE WAY.

>V = by = 1010,0),(0,10)) (0.0, is A basis.

%:ﬂo:lm’):[mo;l)r(ha;a)ﬁ (5 Qnothey basis.

l?flljf?/) -2 Ij[ﬂ:[;o)* 2l 00) +5(],0,0)

) S=1(7.2+y,7)  %:9yeRT is a subspace.
Find 2 bacis - 2 SPannInj list.
(% K0y . 1) = (K 08) 4 (029 0) = A(1iiD+yl0:1,0) Sr-s}’?an[(hm)f[mm)).
alli) +bl0.1,0) = (00,0 = a:b=0. = L.1. SET

%: ‘Ic(.lihD;(G:hO)z’ i O basie 'fW <.
3) ReTxl = Tpe0 6200 < Pio=0 ov deg(poo) €27 = Thot Qn+ Gox™ BsX) Qoth e 23 62T

z QF’aﬂU K K Z'})_____;, ﬂlyamnl}lg (ist.

Dot QK +AVK + aa:?i*::vo <= o=0,= A2 =y =0 LI
Bz 100406%1 is a logis of RIXI
4) = S’Fﬁﬂ{(]m,o); (2,0,0),(I;1,0), (2-,2.;0)) = Span {(hv;a);(hhc?); (2-,2,0)) = SPﬂn[(nm?) (M;a]),
Go Bz {109, (1,10Y is & basis of =3



Problem: HOW CAN WE CUNSTRUCT BAS|S FOR VBLTOR SPALES 2
THeo 1 . any spanning list of V contains a basis.
V=%pan (X) = IR basis, BEX.
MO 2 - drn:, LI Set can be extended < a basis.
YEV. Yie L. =dB basis , Ye&.
Yroof : (we will write the proof only tov finire - dimentional vector Spaces) .
(Net Finite - DINGNTIONAL , we use ZDBN'S LEMMAD,
(1) let V) is F-D. X (s finite . K=Tw beo i = Po.

STEP [, I‘F Wi=0 B = Bﬂ\‘l’kﬂ;?{. "F W, ¥0 17 :Ba. = SPﬂYI[&:D :Sméeb) :
STEP 2. if Waepan(B) = 22=B\Twt  tf wo&Span(B) = Bo=B1 = Fpan (Bod=SpnE

L

QT%P” '_l‘F Wn€ QPRHC‘B’»-D > Pn :3n-|\‘l§hfn],- #'Bh 1S5 QA bﬂﬁ:@ DF v
.-F Wnér gFﬂ-VILE’m) = E’M"’Bﬁ-ﬁ

V=3pan (X) = spanﬁ%) = Spanlr) = - = 3]35(}1(3:4).
We can use INDUCTION <o prove i+.

Spon (By) :SpanCE’?a): syaan)- Yn

£ nz). Spanlly) = Span(@d. IH. -

Take n-1 . > Sanlly) = %anlln) = span(Byd.

Now, need to prove o is LI

= Py s a Spanning list.

Asswme B is LD. Brztuive-%l LD = JU Sb Ve Span . vae Vi K. Va).

Pt U5 =Wk . wk e Span (D €3panCBes)  LONTRADICTION 1o step k.
=> P L.

LOROUARY : any vectoy Space admit @ basis .
Proof: V=gpanlv) 2 IRV, B is basis.

Now we prve theo 2

Vis F-D. 2 I fute : V=spaulx) I ¥ is LI #Y s#x.

=Y is finte .

if V=span(Y) > Y is spanning set and L1 = B=Y Basis

£ not . Span(V) £V, AvieV Viésanly) S Bi=YUIMT Vs LL
I V=span(P) = YEBi B iz basis.

L:{ not , SpantBd £ V = IvieV. VigpanlBD = Bo= YUfvs Vs LT

This s o Hfinish 1n A firite number of steps since CARDINALITY of LI Sefss#X.
Stop at Stgp . V=spanlle)  Br 1L and Spawing list = VS B . Pr lasis.



4.7. CIASS |1.
PropoSition : Any SPﬂnmhﬁ Ser conlaing A basis.

By Mot L. jj B <N y B Bons.

: Staerrey & €T .
Yoot - \ 15 A Stee

Prorowres 2 1 g LT 51 Cam BE CATADEY T & PR

Wouning TET -

Corollary = Any subspace S of & veotor space V admits a COMPLEMENT . Thor is . 3T<V, a Subspace
st V=SOT. (any v&V ton be wyitten as the voldition V=VitV: . VieS, ieT.).

THED

Sisa subsprce of V=>8 is a vector space =3B a lusis of S. 2 Bris LL in S.

> Bis LI inV.= B€S let B a busk of V.

b= BV, _%,_-:-'_&\&,_ @
let T=spanlBy) lets prove that V=S @T. V.

S+1= SpanlB) +span(») = span(bBy) = Span (B) = V.
oNT= $64:  Since 01 € SNT.
VeSNT = veS avel . Sek Bi=1fvr. ieZl. Bo=1Wr,ie]1. B=2Us. is a buss > A/1B=f

V= At 1eVx ?b*wr‘f’““"’k?m]‘l)m_ = 0= AVi+ 1+ Arle - biwi - < ‘k%nh}m,g‘ﬂdéz BBz s LI
No————yy ’ =

= QzAv=zbh:zb=zczbmn. 2)0 = iU B-.

PIMENTION

THED: Lt B i By be 1wo bmsis of +he F-veotor space V. Then #B, =48z
Proef: Pusic - L1 + spning per

1L, ¥, %Fﬂﬂ)’l?ng set = Hb < #B, .

v 1L, P 9Tp.nnTn3 et = #biz, # 2 Then #B =8P,

Vef: dmV = 4B For B any basis fo V) called e dimenion of V.

D F, 1g€|:€:f. ..enl s & basis =000 11, 00..-0). D—‘-E-" 6’/:"&1_;: Fl=n.
2 Mpam () - ’fl"/-] , 1£1€n, IEJ‘EMZI (5 A basis BE‘J' = [;:EE) d!‘éﬂFMmmCF) = Nxm .
7)) ph'mcC};? dlMFC}Z 7
Oirspan [Luv):ﬁml)) , L.L.
2 dimeC =2
L S'»PM((A;(?L (i10) 1 (011)) (0: D) (0+bi, ctdr) =a[l10)+ blii o)+ clo.D+dco, D).
f0h0) , 00,62, /D s LI in R.
D dimyC = &.



THEO L : 1f S is & subspace of V. Then dimeS < dimpV.

Roof : L&t Dy be a bagis of S. B: a base of V.

Biis LT in S=8B is LL inV.

By is a Sponving Set o V), = 8B 8B D dimeS cdimeV .
THE: let V be an F- vector space  of finite dimenttion  that is  dimgV/=n. let BE V.
dl‘m];V'-'-’ N. ~them ﬁ!lming are  quivalent : #5:=n

DY is a sis of V.

b B s LI in V.

C) B > a spaming set for V.

Remavk : Afalse for infinite dimention s

A4 ie LI ja RDxd but 15 not A Spapning Set

N=>b)V. PBasis <y LI +Spanning=> 1L
b2>ce): Blis LI nV , #&=n. A8 basis: Beb #B=n=d%1/:- # B,
> =P > P Bparming St
D50: B is & Spamng sef > IBs busis - B <P
#b =dimVznc gB. Dz 2B /s a basis,

DAMmgC=2. s TlI+:2). (221 a basis 7
RtbDC 11,2 + (6+Ai)C2i,2) = [co-b) +@th); , 2511-2191) =5 [ 204207 ) 3¢+3di)

) N N | 2 -b—2d=0
:-.( (0- b-24)+ (G+h 0201 , 26+3c+ (zbféd)a) z(0:0) & r:-]'b1'2$=0 20:btd=0 > /s buse

2012¢ =0
. - 2b+2d =
D B=5014)05) 10,00, (0:0.)] is a basis F Since dfm,cl'}=-%..+ ’

M (122.08) + 2 lvi1.02) + D3(0,0, 1) = (0.0.0)

> (M 0a+dv 1 20y MW tds) = (0,0,0) 2 D1=Ds=2s =0

Bis VL, #6=% = B is a basis.

D B-1ltaxtbn®, arex’, #1 L1 in RIxI. dimgBp] =3.

= % is a bads. |

PROBLOM = Compute  dimV = 7

Lz k J'f V=58115s s dimV<ce Then dfme:fS.z) =dmS, +dmS, - dim [9:091)

In pavdiculay : dim (503%) = dimS +dimS.: St
Proof. @
et fvive - Wl be a basis for 20% 2 Fhike-w] s LL in S ard Sz

We can 2xtend 1his set 1o basis {or S and 3.

Bzt W, Wi UsT basis for Si. —2dimS:r+s. = We lave to prove. +hat -

. - fv*; Ve, Wi Wil basis {oy S: . 2P AimS, = rsk.  dmStSe = r+8+ Y+k—Y =ristk.
lox's vrove, +had B=fvi Vv s i Wi, Wi UsE e 4 basis of S48




pan (B)= Qj’anf& UB»). = Span (P tspanlz). = $118S2. 2 B is 4 spinming Set.

9 5 LI €S, éSz,
0=aV+ - 1QrW thin+ - tbsUs + Coi+ o +Cxkwr <= QVit 10y bt tbslis = CO) Wit v HE )
= Ve SNS: = Comrlantu e S0 . = MWVt hals+w W Since

'1>U|:*-‘Vv1] '9 & lpasis U‘F S0N3: . g(? O:AIMfAJVLTII1+ArVV'r gthsz-Wa-F”"l‘CKWk, B2 s LI

> CzCr= =0 D= - Qvzg. = AW102Vet-+0ryrhntbiza+ «+bsus=0. B 1s LL.

ﬁa';lajavf-bli nvﬂkﬁa.
So Bois LL.

49 CIASS 12,
Question: Si+S: =7
S.-PS:.ERQ'. AmS8+&4 =4 = R+R: TR":L
THEO: f S<¢)/. SubSPMe, , dim\/ <co N dimS =dimY = S=V.
Proof: let B be o ass of S. 2B isll inS. =B LI in V,
A - dml=dmV. 2 B is A basis inV, = S:SWCEJJ:.V,
Bomovk = THE PROVIOVUS THEO 1S NOT TRUE WITHOUT THE ASSUMPTIONS :
D34V. S=$0x.00 x6RY, V=100, y>, yeRY  dimS =dimV=). But S+V.
» dimV = o0 S:fp{x)&k{x):mw:ﬁa:ﬂ’! S Kpnl =V-= Soxat 1 AdimS =dimV = oo

Put S#V
D dimS*dimV: S=7x0):%eRy S R, dmR=2 <o00. But+ SR

Maotyices .
Mnxm(FD= Ser of matvices of ovdev nwm with coeffcients in F.

Pl:('?"”'a'“") = motrix in Mnml(F) = Ser of nxm  elements in Fl Armnged 'n m Rows .

Am - Dom) and n LOLUMNS.

A'j ’mﬁfﬂiﬁn‘f n ROW | WLUMNJ T A'j

Arj
Riz RilA) = i-Row = [An Az Aiz - Aim]. CI $ Cj (A) :,.A‘n;]

AEMum(F) hem A=B <> (nm)=(5t). and Aij = Bi Vielind vjelimi,

Opevotions -
ADDITIONS : ~ Mwam () A Mnwm (F) > Mnxm (F).
(A, ) — AtP - (A'f'e?)Fj: A,‘j*fBU‘_
PROPERIES = (S1) ASSOMATIVE.  (S2) COMMUTATIVE .
(Sz)o= (1)
(34) _(f?n'”‘ﬂlm) — ("ﬂu“* = Qi )

.'-

]
L
P i

an) *-*'aﬁm "am “""’ﬁnm



?mdu&f bj scalars - Fx Mnxm(f:) —— Mnmem(p).
(2,00 — (2A). = DAij.

Propeyies -
D 2 (A1B) = AA+IB. € Mmm(p).

(24p42))i; = 2:(AtR)ip = D 18f) = DAif + X Bif = KM-MBDJJ‘, Vi

DO1MA= 1A+ UA.

2) QMA = 2{MA).

4) lgeA=zA. VA,

= Mmm(F) s F- vevor gace :

Mrsm (FD x Mmsg (F) —> Mg () . [if n=m=8z Mn(FD = Mnxn qf>) L

M < MnCF> —— M (F)

(A,B) — AR Cﬂf?)j =§AEKBJ§. = <Ri(A) , 0}(5)7.

Hopevries :

M mS Sl mvs SHb

p. ASLOL ATV - A-B)C= ABE (f/i‘a@)&);j = |- ‘—'/ﬁ -f&&)){j_

| O A A T T NPT
P&- M&Vt”fkﬁj . LnPl = ﬂ = A lm
15:[;';31] (1n MnlF) . 1= 1n).
ol

nxm  miS wmxd  nym xS nxm w8

Pism'bwrivi*nj: A-(B1C) = AL +AC

DA (A-B) =(2-H)B = A(2B) .
ADANA=0-Td)A = A-(H-14).
Remavk: (B) ﬂommu-n'vﬁy /5 not true .

A4b: (ﬂ 0)‘(»‘*’ 5) _ (m ag) (x Y
o b/ \z 4/ \bz bt). 2

e A.IAN - Ap'=1d. NoT TRug.
00 B 9 [ o I 9

A A ¥ . 234"
AP=0 & A=0 or B=0.

(o I)‘(f 2)___(0 o)
g 0O o 0 o 0
+ +
0 0;

e ) =



EIEMENTARY OPGRATIONS ON ROWS. =EIEMENTARY MATRICES
element ORGYOTIONS :

DV Ri < R; intevehange Rows .

2) Ri — G:Ri 0x0. multiplication with @

%) Ri -—-*leaRj r:tj. Replace Ri by RitaR;.

o | o U
D) Pri = "?‘-:'1'1 Ri<>R = FrxA. Id—Fy. (0 7 i) =
91"1 Cie=Ci: APy Id—7;. °© 1 0
J
2) Mi(ﬂ):wl- ***** 0| Ri — ARi  Milg)-A . Id— Mila) ( (12 O)
.0 I B 9 any
a“ .' Ci—alc AMila) Id— Mu‘(a). © O |
O~ = 9~ CF
| o O
DTy =[* 0] R—Rirak. @A 1d— Ty (oa a))
1S gograa. AT 14— T, 7o
"o -ri-*-;'--:[a Biz (A B0
Praperﬁes ¢ (a‘ G
D P;J--P; P (P 1d) = Id . (0 | ¢
SPPA = A b 01/

2D Milo) Mila?) = Id
5)TJE'a) Tl)(a)

- |l o O I © o . _ o0 ﬂu [/ a,g 1 Qn Qe al.'.'w
Ld (uao) 2'5=(00l)+‘ P%A'(ﬂol)‘(au Gnﬂa;) "FS'_;: Qs O3

_ / & Qe Q . A Q3
1&@73 4>@T;j:E&H’(”ﬂ(ﬂﬁaa=@mmmum@4
200 ) R (30 0 oo/ oo om ool & om  as

13WA:RJ@[E :ﬁ[ﬁ]:[g]

An G2 Qiz /I o ©
Tal®) Tald) =[1 ° 2] [1 o0 (: o) A'Tz}(‘q'):(ﬂm @&5){0 / 4)
,Z;-T.]f:;?‘d - : cf * Oy 03 O’ \0 0 |
= v An Q2 Q31402
R:—> R+ ER;s Rz t(-4)Rs +4Rs — R2, :( 21 Oz &;-r%?u)
31 A2 Gz 440,



Def: ABE Mmm(F) . We Say that A and B are ROW-ERVIVALENT of there exists
o finire. nwmber of EIEMENTARY MATRICES , EiE: Es..-Es. st
Es -Ei-A=D,
Remavk : THIS REIATION 8 AN EQUIVALENCE RBIATION .
Refiexive = ld=Mit) : A~A snce MicdA=IdA=A
SYMMBTRIC - PJ"PJ My = Metad , Tijlay'= Tjje-ad.
ArB<’ EsEA=B < A=td LD & BA.

TRANSITIVITY. A~P . Bl & Es EBA=8L Ev---Ei-B=C. = EeEitsEA=C.

<= Al
E___Y:JIMU A:*|lo o
| o ;
i — = g | e— o |
. 5} 4| Ry | ;J*]zr_,‘ﬁ (o o |
— A ST
2T B A-D
i foa)r' 09 | K
01 ﬂ)-g.'fﬂ (‘nf)-(! l "\‘—‘
(U:‘l (Bﬂl o lof \l0O D
CIASS 15

Row\ CO[UMN .

) Lnterchange  Yows Ri and R;.

2 Mukiply Ri by a non-2ero Scalar of X€EF.
2. Replace R by Ritak. ii].

(Rovs) EIEMENTARY MATRICES.

.)uMijiﬂ; Id. A— FBA.
D 14 R228 mie) A1) A— Mi@-A .

% [ RoRirag, _ﬁ}-(ﬂ).:ﬂ—'g—:v Id. A — T}J-('Q}A .

COL. A=AR A= pAM@D.  ASATim.
Vef: A.BeMmm(F) are row equivalent of A€ .E:...Es elementary wotvices st
Elﬁ;""ES-A=E.

Dﬂ‘ff A matvices A eMumm(FD is called Row Echelon F -

D The non-26v0 oppenvs fivst. Ri.R--Rk non-2er. Retl - -Rn s 0

2) If the firet non-2evo element in B oppears in Column S:. Then S, <Sz - <Sk
2) Qis; 1. 1€i2k,




Def: A moatrix A s Colled Row-Reduced Echelon f it is Row Elhelon and

each Colwmn Us; has all its eements equal o  except Ais=| .

THEO- If ﬂé’;Mwm(F) s then existS  EcEa--Ex elementoyy murtvices St.
EkA is Row-Reduced Echelon

(F‘RszIW Wk A EXAMILS | Y

S H Lllv-"" \
. R—=6R e ?‘:_—I\P

A, - TP %

} TRow STHE =D
—|

L]

o 1| Tow REWw

U EES Rt

(R, —1?\ + \"ﬁrﬁ

YSTEMS OF LINEAR ERUATIONS .
A S\IFT@WI EJ-F AT V% @um‘:oﬂ N M wWiknows (S
Ak + QX+ -t QimAm =b. i bieF. oave e coefficients |

Ii 75; I'Xz. - Am WﬂkVIDWS -
On %1 £ AnaXy + T O0um Am =bm,

Poblem= SOLVE THE SYSTEM : Find all (X% Kw) EF that Sotisfy e System.
Remaovk =

WE CAN USE MATRICES AND PRODUCT OF MATRICES To REPRESENT THE SYSTEM |

70 Qo oo Qi T l_" l '
A-| . || x["] > Axzb.
I-dﬂl Oy - alﬁ‘n‘l. - bm - 7}m

g= SD,MTOHS -FW W = _F(x:---*zin) 6]:“'- A?Hrb.‘] éFn

Def- A SYsTemM Ax=b 1S CANED :
V HOMOGENEOVS 1 b=0



?) INCONSISTENT  f S=&.
% CONSISTENT f Sk¢
#) CONSISTENT INDEPENDENT o #S =1
DEPENDENT f #S>l.
Remayk -
D fny Homogemeous  system s Consistent simce (%22, -Km)= (000, .- 0).
NTne set of solutions of amy Homogencous system s A Subspace of F"
»If bxo , S is not a Subspace , since (0:0,-0)4S.
PFDO‘F (2) -
® (00:0..0) €S = T X ... o) EF": Ax=03 €F"
) Ah=0. Ahazo. > Abitd)= AX +Ax=0 = X, %S D A el
@ Arzo, NeF. D ANDK) = 2Ax = A-0=0. 7eS. DeF > 5eS.

THED: let Sz Tk AmeF™: Px=b] 1 So =0 % eF™: Pr=01 . and ler 2.€$.
then: SzFzotw, weSs|

Proo-f;
S gfiaﬂ'w; W&Saz' . Alzo+w) = AZo+AwW = bto =b V.
S €3Ztw NeST = 2SS We=2i-Zo: Aw=Al21-25) = Az) -Az = b-b=0. > w=2,-2,
2 ZiFwWree. V.
Covollavy= 14 S is @ CONSISTENT DEPENDENT SYSTEM , then #F < #S.
In pavticulay, if #F=oc0 , 1hén the possibilities of S ae: OpS-0 @S- D#S=cc
Proof -

14 S is CONSISTENT DEPENDENT , Take 2:/2:€S, 222, = w=21-22 €S0 , W#0. Singe % is a

914!?9?406 ﬁ‘F F”s +then ]PZWI 26F2’£Sn / #fﬁﬁfﬁeFl‘;#F gfﬂﬂe Fe fa?.‘h?: ZE-L-F?I Bijé?ﬁfﬂ?ﬂ
2o 2eF1 €S, w2t Defi= #F. > sF<as. A .

THEo. let An=b be & system of LINGAR &RUATIONS. Consider TA:bl € Mmxoy(F) the matvix
associoted to the System . If [A:b] is obmined from [Aibl by applying Row operations. then:
S =feh, - AmeF™: Aazb] = S= T(x ... xmeEF™ A%=bT
Proof BT = A
TAib] B> Bs - 2 [nip] e g, eaib] = [A' b1 {Ep--ﬁ-br—ﬁ-
828" f Ax=b 2A%=E-EBx=Er-Eb = As=b. V.
g2g': ,f fE;-"E:A:-A’ :,,{ B ErA'=A. 5 pr-gh B A% = & -Eib b 2 Ax=b.
Bebbcb VL Bb =
> 8:=¢'



LINEAR MAPS.  ( F-vectoy spaces., V. W are F-vector spaces , want to Lompave Them).
Vef: A Linear map from V1o W is & function T=V—W. st:

Tev+w) = Tevd +Tew). v meV.

T(AV) = A-TD. VaeF. vev.

NOTATION = Lp(vw) = Home(w) =SET OF All LINGAR MAps FROM V.+o W, For V. W o veotor spaces.

DT:Vow, Tw=0s is a linear map.

D.1d:V=V Tdew:=v. s Vv, 1
» T:C-C Tlatbdza-bi = Te vapfd,d). but T & Hom(C.C).
e an R-veutor spppe A6R: T(2a+bd) = T(da+dpd = XA-Abi .
AathbD = Da-Dbi  TE Homp( v.w) .

Cis an C- veotor space. DeC A= X+3y.

T(Cr+ip (asbD) = Tlba- yb)+ (b1apd = XA -vb = (xbay)i.

(5145'9' T(a+bd = (X—rgi)(ﬂ-—[m“) = AX+ bﬁ +(a3-—b7f)i". not equal

Co T4 Homy [C.0)

DDescribe the set Hom(F.F).=7T-F—F . Ttw=aTw>. o TeoeF .
T:-F—F.

T =Tta-> = aled. T is wniquely detormined by Tod .

ler Ted=c. eF.

Define [cay = Ta1) = alen = ac.

Chevk = T is & Linear map.

Tea+a) = (4ra) Tci) =(ata’)-¢ = ac+ale = [ta) + Tca')

TCar) = 2a-lci) =dac = )-ac = 2 1a).

2 Desoribe  Howz(C.0) =¥T:C—c , Ttarbd=ax+bp, fov o, el .
T:C=C. Ttatbd) =T+ TCbi).= Tlad + Tebid = ATLD + b1,

T is wniquely deteymined by Tco> , Icid. T P

Now  theck T s linear map.

Tlatb) = ac+b-b

Tt £(erd)) = TG D7) = Qe +(b+d)[-l’, T (e +TCLrd? = dutbp +coxtdp- - ..
T(nlatbD) = T(224XbD = dax +Jbf. = DT(ATHD,

NVestrive the et Momy (P W) =3 T=F = = Teaw =Xk 1yb. 4 some o, fpew!
T-F>w. T('X;y) = TCxtno)+ ycp,;)), = 7[Clo)+ gT(ml). 2T /s unf‘qae@ Aeieymned élj
T(r0), T(o:) . Now chek 1+ is IM.

T.F5w T/X:U):?.iﬂd-l—'jpt S



THEO: Lot Yw...v] be basie of V. lot 7w wad in W. ! T: VW Linear Map st
I

TfVi)r- Wi » Yizl..n. 7
?foO‘f: V&
AT :Tia.u.'ra:.\/;-r-umnvn) = A+ GWs + 1T Ann V4

(Wel| define . Snce V=QVi+aoVs 4. +Onba. in A unigue m5). 2T /s LM =
Tlvet) = T((avit.tait) +lovis e thaln)) = T[@etbd¥h+ GotbdVa+ e+ Bontbd Vi)
= (Atbd W 1 (Rvtby 1 Wa + o + (Butba) Wi :(Q:N.fapwwu~~fﬂnwn7Jr(bw.fhwnwbnwn)
= Tew+Tew .
Tvw :Tﬁh{a.wfmwr-wranw,)) = QA+ st . D AWy = ATCW.
—PYOO{ : T(:U'i) = Wi,
T =Tlo-h40Ve+ v+ Vit t0Un) 2 Dt P+ o Wi £t OlIn = W,
ket TeHome (Vow) su TCSD=ws Vi=in .
T) = T+ - +Anva) = TCAVD + TCA) + -3 Tlanw) =AW+ BwWat « +Gawn |
Thewe is no linear mop T:R—® st TC1o)=(12.3) , Teco=(23.2.1) Tl(1.d =(e:1,0)
i“r T € Homg (R R): Ttor=(r2,%) . [Cor1d=(22,1). > T(ﬁnj) iﬁ'TfﬁO)‘#ﬁT(ﬂ;!)
= XU + ‘jf@:?ﬂ ). = ()H'?’g ) }Xf}y ) 3X+7) 4 r(m) = &4 '4) —‘n‘f (o 1,0).

bxouple .
Fid LM T:R*>R°.



