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2% Leeture

Frelds
Def: A FRM s a rwrt—em[m] st F with two algebrau\c structures :
t:F<fF > P Addoon (ab) — atb.
CFxF > F Prbit  (ab) »ab.
gaci';f‘jimj the Tollew?nﬂ axioms :

Associativity : S @b)tc = a+(be] Va.b.ceF.
ij P @b)-c - a-(b-c) ];

Csmmutwcivi-bﬁ: S ath = b+a Vo beF
Pz a'b = ba I

Idaﬁvs S» 3 06[7: ato=0ta=a Yaef,
P> 5714[:.- al1-=1a-=a Vae’F.
Inverse : S VaeF, F-acfF: atCa):= (a)+ta=0
P‘P VGGF, a#o, 30,—‘6]: s a-a'=a"az=].

Dmrilmu‘v?fy a-(b+c) = abrac  Vabe6F.
PrePeer= én/v 'Pe[jnomia[ ezuatl‘m in C has a sﬂ[mm in C.

C>R >7lab), 0.beR]
(a.b)+(c.d)- (arc, brd ) |
(a,b)  (c.d) = (ac—bo[, adtbe ).



5.5 Lecture

C=R e—or : 2=(2.b)=(a0)+ (bo)lo.)

(a.0) —> a = a+tbi 0¥ Clofe -
Notatin = 4 = (0»1)

A

< +l=70

Pe]“= let 2=(a.b) = asbieC
1): MODULE : 12| =2 +y = Distonce ((.a,b) , (O,o))‘

2): Conjujaﬂ.’ ¢ Z=qa-bi

ProPerties abou.t oerﬂugate 5

= L) z=2 &> 2=Kez e R.
) ==z

@?ﬂri:)ﬁeg @Z"W:Z*W
b) 7w =

— _ vz.weC .
Z w

77) Z'-é:ﬁlmz-l

anj (2) 242=(atbi)+(a-bi) =20 = 26z

(5) Zew = (atbi)+ (ctdi) = (arc)+(brd)i = (atc) - (brd)i

Z+W = A+ +cedi = a-bi+c-di =(a+c)-(b+al)i

&

Pm()erbies u]‘ Medule : . _
(De-z-le w"ﬁl"ﬂ' Wt
2) |2l=]-2l= |2l

@'z-w]:lzf'lwl.

[2+w]| £ |2]+|w].



Pm]L; ) z- 7= (arbi)(a-bi)= a’obi-abi+b” a*+1b’= (Jaip) =121’

%) Zemma: l’f X,}JGLR, X'/V7/9 . Then )(3)/ C::);(”;/’,

P‘Wf : XP‘/yy & Xy—)/? 0 & (x—y) (x4y) 20 £=> X-) =0
X:
) g

%’Jeﬁniﬁm, l?l;,}a’+b’ eiR ad 1220

l2-wl=[2]llwl & [ 2wl = (12iw])

By lomma -
|3w]” = (2w) (7 w) = l2w)(3w) = (2.3)(w®) = 1717wl

9 () ) N

= (1z]-1w}) .

|2
b

l
2 T >

4 = a .
Reﬂwrh= Z>a+bl¢0 =) 2 =/_a’*b a+b"

2 /] —bl.
2oap ton

7

- ¢ % = | -\
o = = g € 4 =3 2 — - —= =
2-32 |zl =ath R~ > 2 2 g C 1 = =z =0

(Det)
Ilzmer Prolw:t <(a.b), (c,c{b = al+ bo[
2 w

M
P"&“Ct (a.b) (CIU = (ac—btl , ad*bc)

then X 2y &2 X7y
0 (=D (xy){xf/)zo = x—)/zr?c:o x;/
n.

Jomma = .y € R DEAN
Pm]“ . Xy & -y 7

Pm rties :
Pel) Rz <lRez) <l2]

g|okgwl .

;) |;+w| £



Pﬂ?ﬂ’ |) Z-athi = a ¢ lal F‘Ja’rb since o =a+b
= Rez ‘[ﬁezl 12[
2): zrw) ¢ )zl 4w &= (Iz+wl) 12|+lwl)
’2'(’W| = Z-+W) ?*W): wa)(zh,u =z 24 EWTW'§+W'5

=2+ 20+ g 4wl = 1217+ Re(zm)+ 1wl

< |zl +2[2 W] + [wl’= ]2 +1l?llW|+1Wr

=iz 2zl + Wl = (muwt)

.

POLM f orm

Z=04bt = fo ;
J

Jefined by (2.b) wd e s uniguely le v by (f.0).

z 5 W‘L‘utj

AR % 4%
s ok TRs AR TRR T Tt Ky A fa, A ER

A4 F I ok TRR L, dppr
Arin e abEy -1 A uyRA TP €51 FE 22 A
YHBAN, 1>

ﬁﬂmﬁgﬂ% o= ot 2 h@F AR T
AUZETIIE ?»Jﬁ'%/m%vﬁ%\ AR S

b, ?&%Mm\%ioﬁxt &l * L xex A
*l 2 ()" W EBE).

(xﬂ) X 2%+ | ()= X% ; X+ r = x(x+1) w44
VEF L, 220 22820 TR SC 2.5 4 I 39 F S




S wBh AR WA (F) X545 Feag 4 2
7/7%%%:/{&’(;
e, o BABA Y, A g v=2" EkA:
EXA R (Awp=>)
A foxBLn=2.

T4 @=-o-l=a+l.]
L% R, B3| 03 Fako AL B AR THIRAGAA.
pratl=0 = a’=-0-|
(AL aBr, -az0 A -lel #wo-aslo=a
2 o’z atl. IFs ok

— o+
‘0‘0

|
|
he2

Madewith GOOdnotes



2.0 Lechre

Ronts «

We went 0 )‘Md Al zeC that serv'sﬂ the ecﬁua:bim 2"ow , for some wed

L]L w=o, then 7 0 & lZI'\:l?“l =0 & ]ZFO &> 2=9 .

Theorem: let we €. w#e, neN.-

then 2" = w4 2 = vl (oas

s gn one variulolo X whh osen‘rcients mn A T’ieu F.

%@mmd

Forma‘, expressfm ]Lm cQut WA+ - FOnk a;eF, neiN

Pe)ﬂ‘nit\‘ew j(x): Mot Bkt -+ X = j’m):bo+l>,x+---+bnx"‘

& Qe =br Y k2o

Aﬂ———‘—\—:"j—zm + Slnz Ewrtnkk’t) . ”2';0) ‘111 ot

nem .



}.12  Lecture
can Le written in @ M!ﬁiue ij as (&1) times q

In 2, an net,n#o, 1, -,
pmduﬂt o]‘ prsitive. prime numbers

p prime & p=a-b abez.
= @2t or b=t].

(Z,+.-) Rinlj < Positive Prime rumbers

(F(x},”c:')ﬂfnﬂ < Menic Trreducible Pe[ynemials.

DQT: A Pv[\jnomm[ ‘I(x) efx1 is Caﬂel imziuc?b[e ij' 'ftx)#o , Aeﬁ’f(x#o anzi
;T Tm:?m.h@o then d"ﬁ“”” or J%hw:o.

Qerrw\rkz f(x) is ;meloLa &= —f(x) #90 aﬂi it annet be written as the PmJJ/At 0"‘

+wo non- canstant pobjrwmials.

Division A[ﬂorithm e Fox) .
Tor any Fom), e e P, §ux)#0 , there exist wnigue qus), re 6 Fon . such that.

Tcx):j(ﬂ"if")”(") , T(x)=0 of Jﬂrcn)ad/g“m.
ij,. X = fﬁx)-?lﬁ)'}l“), }m)e]?m? . 11’ oeX O=j1x)-?tx)'hcﬁ=;’> re)co

17‘ od X, d £ J;aj (X) = ](Jaj (J“Lx)-jcx)-htﬂ) , hixe Fm} e Wo
D/] W.0.P. 3 s= Firt element in Aﬁ’f(x] , S= Jgj()‘cx)—jtx).h(x))
hssume deq ren) > dag Ggem) = Contmdiction. v

ng\ ©osinee S s ]Lﬁst element

Vi
Take M):%—!  Hhen jw is in the set. Jlﬂ(j’m—jfx)'h[ﬂ) > o(ej(jm)).



Dej‘: Let fmeFuJ ,ael, we 50y that a is a rest o]'“'f(x] ;}‘ farzo.

RemﬁnAzr theorem :
(et j-m) ¢ Fx), a6f , then the remsinder uj‘ the division of -}LUU bj X-a is fmJ,
Pmd: gy the Ajv]g?pn a.(ﬂ'ﬂrifhm' , =) itx), rix) éfnx] > T’(,x): [z-a)~i0‘]+ﬂ7\), with Tx)z 9

or Agj tx) Ll"ﬂ (tx-0)) =] = A,g,j ) =0 5 rx)=C Cconsiant,

-J-m . (x-a).itxnc fca) > 0.9(0)4C D C= f(a).
7

Theorem
ﬁx)élRtx),]cf"“”'

2-athi js a o &> F=oacbi i o rot .
pof =), s eratt 40 ek
‘_IJL 2:-athi 5 a ™t D a:f(?)=a,+a.e+—--+an?"

fci) 2 QA DT o +On2”

2 tUZt -+ (2"

= CZ.+0-.9+-—'+0.\2" = '0-20 o

4—:) ’]’t?)ao , we have prove j-(%)zo ) Z=32 .
2|

Theorem :  Let fcx) WAL Tux)= (ot QR+ - +C0nK 0(6{{ fwy=o
Ij L.Q, qdlab)-l, fe¥)=0, then ala. | blan.

bt 0+ fi4)-ara§ o ai)
w : "

o= 0-b -.a,b+a.ab"'+-~7+ OO € 2.
| . 1

a.L": n- % XQZ :'D a’aab“‘) ﬁci(a,bj” ) aldo
Gn0"=b- Y, ye2 = blaa-a",gcl(a.bﬁl = blan . 7



Yy Lecture.
Vector space :

D@T‘ Lot F be o ]‘Teu , Vaset . We a0y tha \is an [—’— vector Space
3‘{‘ there ore two ePem:tionsr
. Addieion of wotos =+ V<V — V

(v.w) — vaw

‘?WJ-W(#W(I”Q‘ v Frv 2>V

(x.v) = xv.

ProFerr,Ies= Let \/ be on F—\/eotor sFace, vww. 4 €V, >eF.

l) toV+ U= WS = V=W,

LtV = UtW =2 V=w
2): Op-Vv=0v , Xx-OW=0
3): Av= O = A-vp or V2O

) : -v=CL)-v

Pro = 1): vew = wels _g\_,‘/) (o) 4 (1) 2> va (s C0) = w (1)) 25 26y =wi )

._s’—_L—-> v=Ww

1)= Of-\l-t Ovs: OF‘V g‘;(OF-rUF)'VM——; Op-v+ -V 1:1;? Ov = 0F-v.

= N-Uv = N =x-O+x\ 0 = v =>-0
XOv + Ov §3>\ dv S%7~(()+0~/)m’) -

%) IJL A= Of , we are Olfmﬂ

1T, Q=N -0=0a"bv) =0 "0)v=1-v=v./
l]Lu\#OF, In‘er . : "

)rv L—I)-\/NT—-L; LY.t Lrl)-\/M—:l-[l)«(—nJ)-v = 0r-v = Ov.



iS\ /"AS")Q( A TWOTY \ N M\J STV e Tt S (W o] 7 0 B
;\S% CoMmuTATIVITY AT AS =W & S \ \: KW e\
(ss\ ApenTi™ 3 Qe MAD=N=-04ns ,\i\YQ\[

(S'q) WNES X‘“\J 1-¢eN e r (=0 Ry e
() Q\+\« F\M)w, NAF e

N\ NS A (Y AT S\
W = Al
(wdwiq&@ote m’“ AT eV




Mere Propefﬁes:
1): Qv is um‘fiue-

2) TFer any veV, -vis u_nictwt’,.
Prwj‘r 1) 1]" o and 0 are entities in V satrsfying Sy
9= 0+0' =0
2) 1]" Vi am{ Vo are inverses j’or v then
Vo=v, +0v 4=/v.+(V+V;) g—_-(v.-rv)+vl — Q% = Vh

v rsthe-‘m/ers'euj'vl
A

S-‘WbSPaLe:
D@-f; Lot V be an [ - vector space. A subset S<cV s oz“aot o subspae 7‘

S s Pcself on F - vector Space with the same oPerut‘mn as V.

Theorem » LotV be an [~ vechr space . SeV.
1): S s a sbspe of V
2): 1)s S#F i) For ani vweS = v+weS iil')=-/:0ran7 vweS > vuesS.
3): &) 0S5  b)=i)  c)=iii),

Th@or@m 8 ¢7§ Wwe \/ , \/ is  vector g‘?ﬂce
W is closed wnzler alo(rﬁom 04\-11- mult. br] sealers.

W s s <



9;.!7 Jecture .

gwlocpaw SeV. S isan [ -vectr spae with the same operations as V.

Hew oto we check 51‘ S ison Fwecmr space ?
lj’ xS *»S , FxS ——>g .

Theorem: Lot V' be an f* - vectr spoce . et SeV. The \,u,,w;,.ﬂ are Q?ufvaten-t;
1): S is a sulospace (: S is an [ - vector space with the eperations inherit ']‘mm \/)'

b): 1) S#¢

i) I vwéS = veweS. (@) = (b)

) 7
‘”)lf ref.veS = nveS. Y\&(C)ﬂ

C)" 3)0‘/66
i) rwesS = vrweS

m) ?\.G]:, veS D a-vES.

Prof : (0) = (b).
1) We hano that ony  Veeowr spece 5 non- empty then S F-vector space = S#§.

it)iii) 1JL S s @ F—vector spece with the epertions in V., then the restritions :
Sxg >S5, FxS —5 , thet 5, vuwegsS = v+wesS xeF,ve—Vf?)\'VGS,

(b)=>(c). i)=27)

S4f > IneS . B i), Opet ,veS = Oy:0p-VeES.
(Pr\WelJ last Lecture )

(c) = (a).

By (c). we Rnow thet 5 w{m:ts an adalfti@n anol a Proo(u.ct (ln}wrl‘t f'rvm V)



— | 4]

BA lq) wel b D porins A poYTa A A '?z«wcf(’mﬂ(m-r "Ff-m\l) d
F)r ) SS55 ) Fa8555 ‘
(31 (wm Yo = :\H\\JM ’d\(\.& ucS T dolys Swee  Tx oS q““\“(\’

(S)) U Moo WA udE Vo) .S T meescolr, Ghsawad eRes
(9= | ) AN
(51{) \} (ol Py —(7= [ -ﬂ N W (m) S NS — (.M(S_

Hl A{u«u )u*\r \“eY q‘ns M) hesx \JMS ’}’l}s&%l" Since THY
reF NES hou; w V.

w %%Itﬁ (ﬁdqmt e ees




Exmn‘;
C is a C-vector spee, R, R is mt a subeyaoe vfﬁhe

C - vector ;raoe C (i) 9€R. (i) x7elR ==>[x+m+[g+o| MyelE.
(i) - ne C, 5€R 25 nk € IR mt true.

@ is an iR - yeckr sfaoe.

RecC, IRis on subsPace,
i) o=0+0ieIR.
ii) x.LjeLll = xJ,]j: x+oi+j+oi=

1) neR, K6R DN x=x [rror) =axsol €R.

(x+j)+ 07 € 1.

Theorem :
')“ff S\, S are sibspoces U]L * F vector space V=5nS isa subsfaae of V.
2) :3f {Ss,ael " " ) %Qg‘ o o sbspe o V.

Pm]L= 1): 0€S,, €S> = 0&S, 0% V

If v weS ns -—7fv,w ¢S = vrwe$
2 ] 2 =

] == wvwe SNS,
v, weS, = v+weS,

If neF, vesinS. = f2eF. Ve Si => 2VES, T AvESASs,
?\GF, veS = Ave S

.

Def: V) let S, S, be subspaces of an - veotor spece 1%
Then $:4S. is the smallest subsraae o]‘ v cemuza‘ninzr SUS, .

(2>



(x.j.a)GQ. cS+5 e’
(x.0,2) €S €S +5, =R

(\(.1.0), (%,0,2)¢ S, +S, ., SitSa 15 a Qubspace == (x.y,z):(x,y.a)»r(x,o,z)
£S,+S,

S ReS+S 2R D S5 =R .

Thesrem: 1) S, 45, =fv. Vs ,\/.egn.\hé’sﬁ;zf

2) S+ 4--+Sh = f\/.'rl/;»l- —t Ve , MBS, -—‘,\/neS‘n}

PW"]‘: We have to prove that S +S, s e smallest gubsEace contpins S anJSL
(e). (a) (b)

(@) i)0=0+0 ¢S+ 5 ,Ss
). i) A Sa ane S.S, ar s’ubspaces

) Vitvy | wetws, Vo W65, wwheSy = (Vrts) +lworws) = (Viw )+ (Ve +us) €515

i1): A F, vavs , 165, 1eS = Alwtva) = AV+Ah 6 S4Sa,

(h). S 2S4S, snee NeS = V= Vv+D
GS\ €Sy

S eS+S, since weS, = ws= 0+ W
es &Sy,

(c). We have to prove S, 45 1s the smallest one .
let U be o subspace csrrbamhi SUS» , we have to prove that S 45 = U.

= fuweses U
\/.—t\lze§'1+9x—3 = V,,VJ'eU , Uis a $vl79race = Vi+Va eu_
v, eS el

UA



y.24. Lecture.
Pﬂt: ) A gmono subspaces. S +S, is cilled a dhrect,_sum i]lanj vectar

i S+Sy con be written in 0. unigue WOy as Vith, 1eS), %heS.

Thet is: W Vit = WEB L Vn'eS, b peS = U=v:'

V>= \/77 .

We donste it 05 S @S5

Example= R>= S+, Mot direct
:5'; @S‘; = {(x,y,o), x,lje le @® 'r(o,o,a), 26!2}7_

:Tc@Tz@ T’; = fCX.J,ﬂ) .KGIRT + {(o,y,a) , je'IRT + f{o,a,?) , ?élki ,
x>0 e ay for wrting the

(x’j:?): (a,0,0)-r(o,b,o)-;—[o,o,c] G:’:) -b
3:(2 velr 0g a SWn .

=T058Ty =[x, xeRT + f{o,j,j),yemf + Flzom), 2eRT .

Theoren: 1) S @5 is o.clirect am & O-=-U+tWh , 1.eS, neS = V=01
VoD

‘H‘O«t 5,0 an l?e wntten o uni@ue ij Ag QWILU]L it V‘egl ;V>G§z‘
3‘) §,®§7@"'@§n s a Jimct sum <& D=Vttt -—tVn . \[;ég,; L, 4=1--n

= V=), ==V =0.

'PVWTJL: ') -’:D) We know -l;ha:tanf u,eg:"’g:. Can LQ written in Q Wﬁ?uﬂ lm‘lf

aS L=Vt ,veS, »beS: . In yaf’twlﬂr- we kow that 0= O + O
j-al lmi'iue wﬂy -Huen 0= VtVa ¥ =0 and. Va=0



e_:) Assume W =VetYa = VitV Vi v'eS,, % €S, we want o
0 |
PfWQ h=V, , W= . O=w-ws= (V:'Vt')‘l’ (V»—Vx')

Ggl GS;, .
@j hjpvthecis . Vl‘V","Q = fvwv.'
Va1 =0 V> =V

1224

Comblarj= $+S, =S @5 15 o drct am < NS, =11,

Frﬂ)j’: We hllw) tat S 1S =—§’l@§z < 0=V+Va , %S, wes, = V=0, b0,
th's see thet o=Vt , V.:o:V;.@S,nS;:{'og.

ﬁ) veS NG, = -v&50% sine Si0S is a Sub?azé an.a(—v=(—|]-v.

v=10

D:Vt("'\/) _~ V=9
SnS €SS, ';[ = fo] = 5i0% e
S S =50%=71.

). Lot 0=Vt UGS, HES = V=-h & SIS >0l

=9
v;,=0

=
H

Remark. = This mm“:mi e ot tnie Tor nzd

C 4y +Sy = S.65. 85, = SiN(5+55)=foT . S, 0 (5+53) = {o]
9 §7,n(§,+§z)=f"7~

Det: Lot V be an F - veckor spice , vi.%, -, wel/.
AE _
We <oy thet w i o Linear Gombination of Vit 7 Vn 11‘ A, e, €T

guCh ot W= MUt Na-Va b 42 V.




Det : Let V be oan [ - vector gpace , Ve, Vae V
SPan(V,.v;,---,vn) = span (fu,,—-va1)  is the sollest sulrsPaoe of V

omminmq the set {vi, -~ ]

Remark = Let U = span (Vis Vo, =, Vi)
U s o-wbsPace wad Vi 6 U Tw anj i=1,=n.
vie U & Si=owvi.xef fel.
=) viell = xvsell sne U s o swbypee

4”'} vi=1-viel.

Theorem + span (V¥ Va) - amollest  subspace ofV om;n;nj SUS, V- USa

=ga+g>+"""§w. S-\Z:f.)\\/»i,.XGF].

2 fovi # doat -+ dalin . Ai€F T = 56 of L.C. af e

CxC=¢C - f(afbc‘, cnli) , o b. C,llem§.

Ae o @€ - vector space spon ({u,oJ,w.nﬁ) ,

(atbr, C,+(J,f) - (esbi)(1.0) + (c+c1f) [o,1)

A¢ an IR —vecter space span ({u,0, G0, lo,0). (o,zﬁ)_
(a+thi, c+oti) - a().0) b4+ c (o,4) + 0((0,4:)
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i D
A SSPACS \ )
G
M T Y CNC DEF
\,J QF  SURRY Ace + A + 3 — SuUA Lo S OIS PAUS HOWER T <0S.0 S
RN SIVS, U
\ AT S TREVIAG $ieN \= N\ )

TUGe

ja TARTICOLAR

SVBS PR o

e N

\ N \
SSEINEE =S - ]) A e Ag o R AR | : :
« J Panesrmenit BT a e e
€F —_—
===iseroE )' Q. o5 \%,5%:— - Sa | ase\) (<) -\A\A)At‘t\ = O

Madewith Esooufiorals =\ > SR VS

i“‘«"n
B, 30~ 1)



/

] 7 plelsplo - {FRITRRER
‘megqoqmteﬁ — fsv»((ino o) \\




-FND A Hawing  SET FK{S

(2 = (’(.‘Z“Q
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( X )
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o e
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F’inite olfmensianai vector g/Jaoe

'Def': An T - vectr space V s ]Li”ﬂ’e dimensional I)L IxsV, X fmu"be . st.

V= span()() .
'Hm 5. X: f\/n W, -, Vw? , V; ?an_ (V. M, - ,Vn) :{\)\V"")\'}Vv‘l"’--l-)m%,'_}v;ef}
Novation : Vo —j—mﬂp o{fmensfen : ”[f""F V ¢l
V hos mjw‘nﬁe olimension. - dimg V=a,
i1 e nJ)= Al ';0:"':0) + K'y(",],‘,’"“;")"”"‘*Xﬂ«(”;-"‘ ’)
SInce (X«, Xy, ~= . X ) X (\_/ \_Qv/ \e{

=X

ExamHﬁs : 1) o{fmr Fle oo
;‘:?Fﬂ ;;;pan (8. ,Q,,"‘,Q») .

2). OL‘MF Fixl = ¢
- ﬁlrmr Fod cor . Then 3 X ={pon, = pobo ] & PO,
such thet Frx] > s,:an(X) = Gpﬂn(p.m), polr), ==, st
={ P oo« o sl »ieF]
IT m= maﬁfo(ej pitd , G5 1,5
g1 > epilx] ”"F‘w + - Agrsm,
gx) =0 or J?C?M) em

=™ ¢ %n(p-w' - ) = Fou Contoditim



(RQV\?“'(K W We Sy Xgudice o= Lt ¢ V!W, Ue Moo 10 REve

Made with GOodnotes
SET, No ReyeTien,




De‘l': A geCEw,nce 01’ yectirs (V.,Vw, =2y Vm) m an f"veccor ;'{)aoe Vi cal[ed
(inear o(epeno(zm LD.

1T 3 }\'l,)\) ,"';)néF , ()“l}"?’n -—-(}\h) #(olol “"’,0) g't
MVitdoVs =7t AVn =0

T

\/ewor’s X ¥ve 0 ke are in&epenolem i-f' no COmbinﬂtion g‘wes Zen \ectr
(ot all car 0) okt Co¥ot -+ Cuke £0. JV.V%\C‘» ﬁf@)‘% VF‘%&penJ.em.

Convension : 75 is L. 1.



5.3 Lecture

Qemarks = V) £ i L.L.
l) {v,VeVﬁ#OT l.T.

) (v Wt =) 2D

¥) (0Va Ve =) 2D 0240
5) (v.w) 21. &2 Y, W#?D ad WAV XEF = V.W#D a/)({ wé S]Jan,(VJ_

O=z=x-V =>x2=0.
p=4.-V+ 1)V tolraty =1Ve IV

Jot V be an [ - vector space . {v-= Vel e V. then the List

Pro?()g'ition :
(Vn,Vx, sy 'Vn) 5 }— D = gj & }f] e 5]70”— (Vn, Vo s = "{f—l) ) for some Is‘jsn

Tn this case : SFM(VI, Vs, ---,Vﬂ-> = QPan (VI,"'I ](}'-l, Vjﬂ,-*,Vn) )

me: :;,) Assume (VVa, == V) is L.D =2 0=Vt Vbt ., NieF sz
fk_- )\k;so] s nn- emm arwl —j’ini’ae o Let )= max{ ks o #0 then :
0= MVttt Ny + 7Y

[N -N» j
200 v e G o spn (v

4”‘—) 1}' VJ = SRV B W TN R }'J‘.. V)-l
g = MV tlVat -——+)~.JL|VI.; 4 (4)1/}' = '{V., Vo, ===, V), Vi, ==, '\/n} s LD,

7

Proposrﬂm g [gt V be an - vectr Sface, Vi, b, -, me a L.]. set.
fW,,Wz, "',Wn} QIJQYI";Yﬁ set , H\.(If = V: SPWZ(Wt,Wz,"‘/Wn),
then M EN.

The Car(;.inal:‘hj .71' mj 1.1 et £ con ma[ffy 75 anif Slpanru'n set .



)_:Xamr[e. ,R>=f{x,7) ,K,jélgi = glm((;,a},u,;)) n=x
fob),cd) ff 1D m=342.

Prmj.‘ \/5 SPW\ (WI,WI,""WYL) , o :{W"W‘I""/ Wn} ; #8=n.

s{gl) 1: y eV = Span (uh, Ws, -~ wn) a;@fw.,wz. ein, W] LD
3], j>1 . (uzo) , st. w6 spa (v we, = ¥),
IE s?an(w.,--~, we) = spon (vih, -, Wa) = Span (vi, w1, Wy et = W)

B| = {V|/W‘,'—-I’M‘/f',”nﬁl+l' Wn’f , #B, =N.

g{g]; 2: Ve V: S’PM(Vn,Wu"'/ 1?{", » ™0 Wn) &) th, Wi, == u;‘}' , =~ Wa V;} JA D.

& HJ“, » 272 St Wj= ¢ s?m (v, v, i, - u{j,—l)-

V= spen (B) = Spon (v Vo wi, -, v}},, S =span (ve, e, wi, -, ua. 3 )
Ba
N

step - UmeV = epat (Bmt) = span (v, Vo= Vo, Wi, - =, W, e Wi =, W)

N
@:> Vi, V?«, ""';Vln ) W'I =5 \A/\!"l , " \A{jn" s, w""i j- -D.
L1 Canrot he ar?'ﬁj{

m < #({Vwﬁui}m—n) = l+n & man.

40 Zecwre
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{ | Sora I b LR RS ) AN SN Sl U P BALTLE AR St adines
\ SUBSIE | {“19\‘:3 (1) ,\ch\{g \{Ae‘p\ —— L NM‘A M’R\CS

1r \S:%\(a\g\r\cm WE hes ok

T %A(:.Q, (1) # o), AK C_;—: S =) :} (c,d)eS ((.A}:}:A(ﬁug,\{]f\éﬂ

(@)L st (@)

)] T LT \
].P\ ))’(1% ‘Q(\aﬂ 1\\ \MLRW S’YF‘N \(h 0\1\

a,l,\ c, K,»}\\ (5 + 2\
— (n) QSWK“Q ol _’1,\@% da AN, e’RH =
@ca . fleit SYR'




4‘- 2 Lectare.

Thoorem= Le!: V be ) Tfnite - olimensfon Yector sFaoe. OHA (et S Ee e sukspace

OJL V. Then S is aso @ Ti hite Au‘mmsian vector Space .

P"”f -V finite dinansional P> 3 fie ot X eV 2 V- span (X ), Xefu ~un}
“—‘f S={o] = gpunlg) = S I 'frnite Jrmensional.
Ij nt, 3veS, Vi#0 lf S= SFan(v‘) = $ s jim‘fe dimpnsional
1)L nat G[mW')Sk§ = 2wesS, végmli) = funn] L1
it GPM(V',V») = S s F.D. 2er
lj nat ,sPan(vn,vz)QS , 3%6S, vs gy (U ). = fvi v, Vaf £.1.
Since the cara!inalf-by °]L o J.1. st s en , is alﬁoﬁth shauld stp

at step k- S- $ra"(v-»\/>. — W) = F s EV.
2

8a9?s=
Dzj’mﬁ;}on: R [)agis ]Lor o Vector sPMe V is an anjer@o( Z_I s})ann?nﬂ set .

thet is: P oisa basis <2 B s L1 ana( \/"9/”"(8) )

Remark: B> = fveu e, W
V= 9Pan(v.,v>,-—~,\/») = A-ny veV cn bo written as$ @ l.C. Dfl/»,m,w_

V=>\.IV|+”+ ,}\.nVn C,U|Vt+“’+,uﬂ-VVL < 0 =(>\|",UI)V\ t --- +(\}\.ﬂ —,(,tn,)l,&\.

Drisdide <= v an be written 1 @ Mﬂfi’lw way .



Prvblem, : HOW can we Construct basis ]Lar yector ;Faces2

Theorem 1 Av ?anrﬁﬂj (ist 7L \/ conaing QG basis .
stpaﬂ(X) = 3B bosis. B<X.

Theorem 2. Anj ). 1. st con be extended to a basis:

)/g\/,y)sL,T. = I B basis ,/ég'

"77 -/ ]Hmte obmeﬂ@mﬂa( X 7‘amt€ X = fw. s, =, Wn ] = Bo

1: I+ w0 |=g\7\'{‘0?.
ﬁef ]L @SFM(B;)=S]>arL(Bo)

i BB

ster 2: I}L W g ;fonﬁ%) B BN un?

= ouls)=gan(d)
Ij' WL¢ 5])0“631_), B;=B| 5]70 s?“

gteF:;: 1]L Wh € sym(%—-) = P> B\ {wn]
IJL W Spon (Bi1) = Bn=Bur.
= Bn ,sabaasfor\/
Vo spe)- 57 () = ()= 7o(89)= :[—--‘ :»« (B spm 3

Ty pctiend

S '}n Chad B r“‘\:“‘ .".' {
S A SandiRG Lisr -
St ’5‘: \ ~— ':TV\

TR @ n-1 =1 Soa- (D)= vﬁ,p‘}

34 By EAE »«wnc Dnisal. )
Rz 101 % VG ()C——b)%

€ Sim K“fw ;U)\

Pt '\5" W WS S .l «\f (&\'\ Cost@AMGon T TE0 \



b7 lecture.

Coml,LarlT: AmT s’ube}mce S o]‘ o vector Spoce \ adwits o oamPLamen’c. that i's.

AT < V oa Sulospace such et V= soT .

Fm‘t S is a QMloQI)aCe 01 V = S is aveder s = 3B a bosis Tor S.

=P isll.nS =g is LI n V. = BieB®. B a basis frl

%:9,1)32; B==9\3|. Lg-t T.—. ?M(av)

SYE sPan(B.)+sPan(8;)_:§Pan(B.U3:). =9fan(9): V.
Set %Frw,—f‘elz B==f“’j‘J'67’f,
B-BUk is a bl
OB =p.

c S'{']T:fd”p Lot VGSAT = veS A VGT

e g 4+ > byt bl

O:ath’f —+ Qe be -bw, -~ bsils B UBs Ts L.l.

@alzﬂ-;alc:bl: -o=b =0 = Y=0.
= V=5eT
7))
Dimanﬁian'-
Thesvem: Lot P arw( Ba be wo bosis ]Lof the F - vectwr space V.
Then #B| = #&

P'W)L-' Basis = L. 1. ¢ SPannintl set.
B L1 . B gf)armin? st = #b
Ylﬂ ot = #‘82 < 4FBI 5

£ #B:.

B LT., P 9]’0"“‘;
’t‘heYL B - By .



DeT: d;m]., V= 4B, for & oy basis for V. called e dimension u]‘ V.

ExamP[e= o{imc c C}= spant (Co.s), (1.0)) . (athi, c+ii) = (otbi) (1.9) + (c+al|‘)(a, 0
{low), (1) f is LT
= o[nmCa:’: 2
ermcz c’- spon (Cl.a) [4.0), (o.1), (8,»(7)) (a'tbi. C+di)= al1,0)+ bc.0)+ clo) tdod)
fo0), G0, o). 0] is LI
= ciimmqf1 =%,

Theorem:  1f S is o subspace of 'V hen obmrs oy

Pm:j': let By be o besis ’f‘of S Boa basis Tor V
B, s L.I.inS = B is L1 V
By is a sranninri set ]"vr V.
=S #h 2 #B D A.-mr S o dws V.
2

Theorem : Let V be an [-vecior space Uj‘ finite olfmensim . that is, olfmf Van.
(et BpeV, #D-n . then the To[lowa‘n7 are ez{uimLevrt.
a) B is o bosis for V.

b) s LI iV
c) P a 9Famﬁnﬁ set Ter V.
RemarR « Not true Tor mt finrte dimension

{X,szxa,”' P{ is L.1. in IRCX bt s it a sPannim} set .



me: o) > b) \/ Bosis & L1 +spanning = 1.1,

b) »c) Bis LI inV , #B=n
I, bosis : BB #%:n:cl?m,:\/=#=@, = b-B
=P ePann?nq set .

<) = a) Bisa spaning € = 3 2y basis : P B

#Bazbing V=0 - 9D = 8-B 2B 5 a basis

T"LEOVBWL’ l]L \/= S +Sa , O[TI'VL V < g0 then A;m(g‘l _,_S‘z) = AI\WLLS}) + me(g)__djm(g;ns;)
In Pm;icufﬂr. din (s.9%:) = dim S + din S

PVVO)L= }_e—t ilv.,\/),"“rVV’i be @ baS’iS ‘I'OY' SiNS, '-=>me57()5;-4

= thV; Wl is LI S and S, we an axtend his set 10 basis ]Lvr
S, ondl S,

Bi=fin,- Vet = M5 | basis for S = dnSi= 145 1p. dnlsss)

l%3':?\/"—"_"\/"(' W"'--;W“'} basls ‘}va‘ gl = drm 9; = r‘fk . =r+3+k'

Let's prove thot Bz v, w - ks W we [ 75 o basis 'j-or Si+5a .
§P0«ﬂ(P))= SP(M(B,UB:) =9Pan(61)+ srm(@z) S+ => P B a s}mminﬂ set .

pwll - 0 Vot -~ + QY+ bl ==+ batls + G+ -+ Gt

e Qs -+ Oret bt bslks = —cwh - -~ Galk =V €S, N
€5 €da

= S (S, 2 -Gl - =m=CpWik =W TtV Sinee fv.,-—— ,w? s o basis jw L

0 = MVi+ =+ MV +Cwit —- G b ie L1

= Mz oM =G = Ce =0

e QWO At b= bs Ms=D  Bu 75 LT.

__d)a':”";a"=bl="‘=bs =0 . E



In Porﬁmbhf. d,l"m (S‘,QS’;) =dmSi + dmSs  since SiNS, ={o} and. the basis
Tm- f‘di is ;1 . Hence A?m.(&(\?;): 9.

j_:mmrl& Si={(xY.3.00> x.zj.?etﬂ} oy
9;=-{[x,o, o,w) : x,we»z} et

g, NSy :{(x,a,o,o) ,xe||2? = spar (f;,a.o,o])_ (Iim(s.ﬂgz) =1,

G = span (fl,a,a,o] , fo.l,0.07, ‘r""’"*ﬂ) d"m Si=%
Z. 1.

Si= s’?an(fuo\v} {csal]) dim Sa=2.
L.1.

JFM(S.H'S‘}): ij,gl + Glfmsa- - J[mS}OS‘l = 2+2),|
St e, B oo busi fr $,4S. , #B=V

\
~F

Th,eorem= SeV, AimV < @ . then o(«‘m5'= dn V= S=V. (ln th‘al).

N Sk S230, 0 xeR). \ed(o R | enS=dNinoiSE
fim :J.; oD ’{”tﬁm T{Oj Q= O\J g RX’} \ JIHS u-q\l o
‘JBM& %m”‘ % j ’W S‘f"R[X\

S:.“Y.o\ xl”"p\\_(f:ﬂj:’ AmlRI:'Z L Yug S#R



b9 Lecture .

N\ africes -

Mywm L) = 01 o‘j’ matrices af oder nxm with oo%‘ioients m [

A== Rim _
Az(: > ~ qatris in Mo (f) = sot v]‘ nm elements m{? ammjed in

n nws WKZ n co[umns.

Ay - —- Aam

OFemTorL :
AAAWIOH" N\I\xm (.]:) % Mr\,xm Lrl — Mnxm (f} .
(A.8) > At h - (A#B).‘J“=Aﬁ“+3fj.

Proyerﬂes= (5.) : Associtive  (55): Commutative ($»): 0:(2: 3) IS*)’"(A.'" Am)
- Arm

Pmpeﬁies’ 1) AB+2) = AA+AD € Muem CF)
Vi) (A-(A/«%)ﬁ =\ (warJ = %(AUJ«QH) = 2y 2By = (AA),j +(28)5 = pArB);]

2) vat)-A = ARTA - Youu. VA
2) p)-A = (W A).
y). 1. A = A,

Distribuﬁvf’oj= P-(Bec)= ABtA-C.



ProFexties:
(P) - stociativ"ﬂj: (Ap).c= A (b.c)
() ldzmmj: Tn A =A=A TIn

Nxm  mn .

RemarR = [ Pa) Comwto:tmvj st te.
atbh (% U(; 1) : (I:; :71)] 2 ,‘7“5;&0 or Z#0.
)= 8
(Pe): A, A AR = 1d  Net true.

Gl ()

Not 4rue= A-B=0 T A=0 or =0

2 0) (42)

madrices

E[emurtarj oPemtiens on rows = Elemﬂv

F|ementon oPemtions:
1) Ri <R lnterchorﬁe rows .

1) Ri —aRi mu[tir|1 row i bj 2
J;) R ——32;4021' ’Zgr[aw L b7 2.~+ai?j.



L?' 2. }_ecu,{re

Dﬂ": ABG N\N‘M(-“:] are row E{U«iValeﬂt I\T EE‘,E.\.,"":ES e(emen;em\y matnces
such that Bs—~EEA=D.

D@f: A marix A € Mo (F) is C'a“ed 72 de{m iT :

1) The non zero rows Wy peurs 11‘r'st
QI, Q;. -"-Qk non 2er9 , Rkﬂ = Rpu:“‘ =R, =0

2) IT the T'«st mn zero element in R appasts i clumn. S
‘l‘hen §|<S'a.<‘“"'sk

3) Qo= 1, Yjeick

Def: A motrxn A e wlled o0 re(luoal echelsn i}‘ it is row echelon ond each

oo[umn Gsi hoe all its eloments effw"t zero exeept (isi = 1.

Theoren. - IT A € Muw (IF) then thee exists £ Es, --.Ee e(emaymvy ricss &
By~ BEA s tow roduced. echelon..

:
> o
i <

(5= sr=v)

SR, SR,




Dgﬁ,ﬁt,\m: A spsen Ax=b i3 alled: S= Giltions for {00 xmef "™ Ay
) Homagencous » 1 b=o
2) Inoongistent +  1f S = ¢ ~

3) eonsistant: 1f S#£

Ll’) consistent inAePeruJertt . #5=1
5) cansistent Aepeniem < #5]

Remark - 1) Anj hnmogenews systen. 15 QSistent since (K1, %m)= (0,-=.0).
s o soluin

J) The et Wf solutions cr{* am1 meo?emous systom s @ sibpace of F"
3) lf b#9, S i mt a subspace . ane (0,~.0)gS .

Thearem: Let S ={(n,~ ) eF™: Ax=b]  Su- ]’(x,,-~,xm)eF”=AX=OT and (ot 2,65
then §=f£°+w,we§o§

PM]L: ng}“w.weﬁi : A(ZO*W)zAz,,+AW=L+o=b
99{2«+W‘W6§o]: 2:6S, w=2-2 : Aw= A -2)=b-b=0"

=2 weSe and F=Zotw.
il

~J

Corllar j I]L S 35 a oansistent Aejaenolerrt sTs*tem then # fc#S

In Pamcalar l—f #= o then the Possibulmes for S arg\ :;S |

#S = .



PrWT 11’ S is  amsistent O(EPenAmt take 2, eSS, 2t

= W=2-3 ¢S, . Sice So s e subsraoe o]" , nllen
fxw,ael: 15, #f}\w,)»eff = #f  she F < fawxef |
(ZO*AWIAGFT cS, #fz,,rkw,AGFf:#:F, AN —3dw s bl‘jeclﬁve.
= < #>.
= #f S ?ﬂ

Theoren et Ax=b be o system of livesr equation . Gorsider (A} b)eMrsu (F)

the matrix assodated % the 679t3m i]‘ (A‘:‘b') ls obtoined ]‘rom (Ab) blj
P['P"ﬂ oW gperations, then

ng(x:,---,meeFM=Ax=bf = s':‘f(Xl,-",Xm)é]Cm= A'X=b'?

PYWT (A l:) E E; e

l)) (A':' I,’) &= Eb =5 (A‘: LJ = (All: l)I)
@fEJ’---EIA =A'
E:,--'Elb= b|
Scg' TT Ax=b = pA'x=F-~EA-X = By Eb=b = Axa)

S24' it [E»--E-A A’ @fa"--- BA=A

1 -then ' =b"‘_‘5 = [-J--- ~'a
Es—Eb=b E'b =b ¢ A Ax=E--~EAx

SECECL = b
W

Linear maPs 4

F - vector spaces

V. W are F-vectar spaces. we wart 10 campore them.



DQT: A linear map Tmm Vo W isa '}"wwbion T: VoW suh that
Tlvi+w) = T(w) +Th)  Yv.weV
Tx-v) = »Tv) VaeF, veV.

Notation : 'ZF (v.w) = HW‘F(V’ W) = set D]L all (inear maPS ‘rmm Vie W . Tor V. W two
F- vector spaces.

Examle s 1) T:v—w , TW=00 s o (mear map.
) UV->V L dw=v.

3) T:€ = C , Tlorhi)=a-bi
Check T € Hamg(C. €)
But T ¢ Hom, (C.C).




40D Lecture .

Theorem = Let {v.,\/,, -—-,\/ni be o basis Tor vV, (et fw.,w;,—--,wnf in W,
wa |:' vectir 9’70@- Theﬂ 3-’ T-’ V—" w F*.{,[ngar maF cuoh'thﬂb T(Vf)=Wi

PTHD‘j'f =) T(\/] 2 T(O(Vl'l'a:\/:‘l"""' an\/») = QWi+ BsWs --- + Qalln
Weu fned. sinee v=a.vl+--—+an\/n N un‘wtue walj,

T is a limear map

T (vew) = T (otce—t Quvn + bVt =+ b ) = T (@+b)Vit - (Outbn)Vn ) =@t D)0t

(@n+bn)uh
=QiWt---t AnWn + b + - + bn,Wn
A stuist”) B et
\% "
> T+ Tlw).

T(av) =T (W(Bt+-—10atr)) = T(A@VI+ -+ X0nVa) = AGiUl + - + X\uWa
> X (@ + - - +0nWn)

AT

TU) =T (0Vh 40Vt <=t Vit O-Viag 4=+ 0-Vo ) 20 W, # - 4 - Wi 4 = 4 & W = WT
I: Let Te Homp (v, w) cuch that T(S) =wi Wizt,~n

Tv)=Tlavi+---+awh) = T (@) + --- + T(anv,,] za(w)+---1 on [ (Va)
AW 4 ---t OnWn

Emml)le-‘ There i¢ no linear mal? T-® = R T(ho)=(1,2.3) Tloa)=(3,>.)
TCi)=(o,1.0)
. 2) T(x,L]) = Txe)1 Tloy) =X 0.9+ yT(s,1)
:X(Ill',’)_tj(%.),o:{X'I'gl],'»@ﬂﬂ,gmj)
%4>1 = [(L)= (4. y) #(0.1,0).

‘I_T Te Hmlk



1 wont o Jefrne a[«iebmrc structures on. the Set HomF(V.w).

dkion.
Aédtion Hamf(v,wJ x HOmr(V.W) —L"Homf;(\/.WJ

(T..T>) — Tith : V—™ W
(T+T ) )= To(v)+ Tolv)  function

Tthe Homr (v.w) -
(T4Ts) (vee vs) " T wtis) + Ta(wivs) AT v+ Toow) + Tolw) +To (V)

&m::n Tl (V\)‘(’T}(V‘l] + —Ir {Vw)+T;{_V;,) = (T;‘*T;)(Vu) + (TH’T;.) (V2) .

(T +B) Gw) = Tiov) + W) = AT + ATalv) 2 A (TV)+T>(0) = AGAT) 0]

Properbtes= Assocrativm]= (T +T2)+ T2 = T+ (To+T3)

Comm. . T+ = Ta+T,
identwj 0+T=T=T+40 _ 5:v>uw, H(v)=0
Tnverse - =T as )= -T).

product bﬂ solors
j: & H""'r (v,w) — Homl: (v, w)

(n.T)

X V2W
(A-T) )= ATV [inetion

AT is o [inear map-
(J\T)(V.TV») = )\~T(v.+\/») =)\(T(vl)+'l_{v»)) = J‘T(V‘“)"TCV’) =()~T}[\AJ+()~T)N4

OT) (wv) = X-Thiv) = x(pT)) = Me-Tv) = w(ATw)) :/,L,(y\-'r)(v)_



Comrogl‘ﬁﬂn Il‘ (inear maps
Hamg. (v, w)  Ham (w,u) ——Hom (vy u)
(t.9) — (10]‘: V=W Function
9o is o [ mep
(4:1) (v.+v>)=7(]‘tv,+v,)) =9 (}L(\/.)+]L{v,)) = gUfo) + gefue).

(7 ]L J(aw) = (]"tw)) = j()\]‘(v)) = x 7(]‘(")

D@T: Let T € Home (V.w)
1) ker T = NuLlT=k9r“el”f T = Nlullspace U]L T =fveV:Tw=of V.
3) InT=RogeT =Tt of T = Ruwe of T = {T(v) vey]ew.

Remark - 1T T F" — Fm is he [inear map assviated 0 @ system. v]‘
[ineaf eﬂtuaﬁens 5 T(X‘l,"', Xn) = (au X)+ QnXa +-— 1 am Xn 50 armX{'f —"aman_) f{len

Ker T = { (%, %)

an X+ —“"‘amx =0
: [ g ! f: Soluetion a]L the Homyeneebs Sys’l‘em Ax=0

Om X + =~ +0mXn =°

(b~ bn) € I T = (bu=-ba) 2T (-, Xe) = (@0t~ ok - ~, Om i+l ) ED
Ax=b is amsseit.



bo%  Lecture

Compie ker T gd InT
ker | = oy T(x.\j)=(a,o,oJT = {f”'ﬂ)’ (353, x4y 3x) = (0,0.0) ?
-3y =9 _
=i(w13’ f X+ =v] = ek oj’ sulutions ﬂ‘ Ax=0.

3% 90

=f1s,0!] subsPaoe Uj R, dim /(“7 =0

Im Ta fT(X,j)= [X,l])elﬁt} - {[nx—?;nj, Mlj,%.x) ) x.jelR}. S’Mbsyace Oj. PE
(%'3‘],"‘“1,37‘) = x(2,1,2) + 1](’3,]:0) {[9_,1)3) ) (-3/1@)] is LZ . Am '1""7_’ 2

2= J)m R” = dim lear T + dim ]‘MT.

Pml?os‘rﬁm-' Jet e Hone. (V. W).
1) Ker T s 0 sbspace vf V.
2) InT 15 o sbspae of W.

Pml: ) (o0)6 ke T s Tlo,0) = (3-0-30 049,3-0) - (4,0,0)
' (x,j) , (x',1’\€ or T 25 (><ﬂj)+(x7; 1’) ¢ler T
Tlqpetta)) - 100 0D = fo,o o) lnon) 2Loe).
C NeR, () eker Lo sfwy) eker |
Tlatey) = AToep) = Alsod) = (0.0).

= ker T 15 @ vectr spice.



2) InT={Tley) s ey} s e’
.[s,o,oJ:T{ ') ’(

e, ws) ¢ (it Us) €1n ] 25 L, umois )+ (o, 5] € I T,
(W i, W) + (i, U, ) [xj) CTUA) = T(ek, goy) 63T
. 2elR, (w.,w,,w»)elmj =25 Mw,wws) eTn]

A (WoWs ws) = x—T(x,j) : T(A(x,j]) ¢ In

Lemrrw.: 1‘]( fv, \I>,~——,\/,.-f 5 a basis o]" V. -[G Hom’;(V,W) then
In = opoa {Tw) . Tw). - Tiw)T.

Prwr We have 0 prove that .
{T(VJ veV| - I"‘T spn (T(w), '7"1C "J’ Tiw), == . Tl).

vell, f, -, vel 15 a busis for V
V= 0.V, + - +0aVa

T(V)=T(01V|+"‘*auvn) = a-T(V-)"‘ = ‘f'anT(Vn)

Thlwmm: Lot TGHomF(V,W) ) diml: Veoo . Then Jimr V= dimfker'/_—"df'nf ImT.

P/VDTi M)e cmstruct o bagi\g 7"0)’ kefT =-f|/n,1/; Vr? ({'v Va,- lfr rs LI n V)
We eiterd it t0 @ basis o]L Ve fui, = Ve, Ve b ] n=dim V| r=dmker T

TaT 15 spared bj#thfw) O, T(w)= Ow, == Tl¥)= 0w, T(vor):~. Tlwe)}
1,,{[ span (Tow) === Tove) , Ten ). - Tlvn)) = slmn Tlveet), =5 T(vi) )



T(U) - T(a-Vd’ Aol + - + (b Ve 1’"""0nVnJ = &T{VI} +-- *f-arT(Vr]Mrf/T(l/m)*‘ =t (al(In) .

0
f VFH) Va } s a 5'/7annir7 sot f(,y Im T
We have to Prv\/e that (T(Vm),--yT(\/nn i LI in W
Lot Ow = b T(Ver) + ==+ buT (Vo) ?=) bey = = bn =0

Ow "T(Lme-\"-"*ann) = &WWH + o+ bl eker /—
Arwl f\/ Vr is a basis Tor [{er’T Then

Lrﬂ\/ﬂ»‘ + - +l'm\/n =C\V+CVt---+ CrVr
= (,—Cz)Vn+~-‘+(—CrJVr+ merﬂ‘i‘—--*l?nVn-‘- 0 Since {V,,--—', Vr, Ve, -—, Vn-f is L.1.
= Ci=--=Cr=0 , IDM’ - 2bzo S d?m lm7 = n-r
778
DQT‘- Let T6 Hmr(\/;W
) Tis a monomarPhl‘sm & [ e oan injecti\/e ]Luncbian
1) T is on e})imarrhigm &2 T s a sm]'ective junrtion
3) T s en Ta;mor’)hism & T s bi]ec‘tWe j‘l‘”fﬁm

Frorosiﬂon o Lot T ¢ Homp (V,w)
) T is a monomorrhrsm &> Jer [~ (0v]
2) T is onepinophsn & In] = W
3)T s o isomothism > lr T=17] and I =W,
eIT W=V, T"eHomf(v,w): 707"; Sy T A

PW'DT: ) &) Assume  Ker T=fov] , prove that T s njective

T(Vc) = T(V&) = 0 ZT('V')_T(_\[,,) :T(\/,-\/,) = Vi—-WnhEe kng: fl?\}? 2% =Vs

= v,



=—3) We kaow that {Ov} = kerT sinee T(ov)= Ow

Lt veker T = Tlv)= ou=Tlos) =>v=0v.
TfnjectiVe

2) By Jef?niﬂon.

T sujective & Im[ = {Ttn), veV] = w

2) P’ﬂ 0 and (), T bijective. &= T injective and sujective < ker T= {0v ]
GAC{ lmT= w

We will prove :T rcomorphism (T [inear map _ »
P T bijeot?ve jwlcﬁon) & | has an inverse TeHmT(mM

T bijective function &= T has an inverse function
S I T has imerse =37 7 bijective
We have to proe that T~ is a [inear map
T (wew') =T (10+70)) = T (Tlwev) = vev’ =T "tw)+ Tw).
T Gw = T T0) = T (700) = av = AT tw).

Theorem = Let T € Hmp (vw) a[imr Vern, dmpWem. T.V—>w
a) l‘f T is an ePimvrPhiSm = azm
lﬂ) 1]L T s a monomvrfhism = n=m

c) 17 T is on Tsvmarf)’ﬁsm = n=m

Pr : F)
a) T eFimorPhism = ImT =W = 1 = dm ker T+ dhim I’"T = dim k°r7*d?m w
=0(Im VerT-r mz=am



b) T monomorrhhm e ker'[ -{o] = n - dimV = dim bor Tt dim InT
—'-Jimlm_,- Sdim W=m

= pa<m

em A n2m €2 Nn=nm .,

7]

c) T isomor})hism <= T mmno and g = n

Remark -
nem £ | epr
nem > T mom

[

n=m >

7s0



2o, Lecture.

Comllurs] : lj; Te H@,,,r(v,m Cdim V=dinw=n, then ]tolLaw.‘uY are e7u}valent

a) T is an a‘somor?hrsm
b) T is a monomorrhism

c) T 1w on efimor?hism

Prw‘l‘ 6=b) T o = oo ad g = T o
b= c) Asune T is o naemaphisn = ke T = {o] = dm lor =0
91] theo, n=dim\/ = dm k@r'{ardfm InT = dim TnT.
W] eW, dn b= nodin W = Inl=w =7 o,
c=0) Assme T s qi. thn o] =W > dw I < dim W-n
B] e, 1= dim V= din bor T4 din Im ] sk T4n = dnber T 0= ker (]

= T mow réﬁ‘[e{iano{ mone => T 159.

)\

Romark: The Pr?vms theorem 1S not true . lT an V= al.‘m W=

) T:Fix]l — Fma
P —  p(x) Linear ma]) v

—_—

[ nat mono > T(A)>0 Voef



EXO'MFLE 2 T‘ HZ% —;’R;IT()(,v,Z) :(X-f—y# Z.X-2, X(7J'

¢). T s a linar map

b). T s QFF.
IMT : span(

2l )t bl L) c(1,A,0) = (0,0,0) e f10%€ =0 <——»f“°b°“ e
a-b=v 2020 (ahd=(s,09

T(1,50) . Tlo:t,0), Tlo0.1)) - 9Pan([l,l,l}, (1.,0.-1), (1,-1.0)) R’

o{im IMT =% e r(l,l,l), (I,l’,"),(l,—l,o)f is a basis Tvr I T.
Im'J— e IQa , A[‘m _.I}nT=3 = dfm 134 > IMT=IIZZ=? T ePT.

Hew con we {Jp’recﬁ : morwmor?hism MSM? 1.1 set,
GPTn'wr])hiSm us?nj srnmﬁny set.

isomorPhism usfnj basis .

Theorem 1 T= V—=W 5 a mmomoqvhicm adil mmf,,ms L.T. set. ito LI st

for oY xeV. % L1. &> T(x) 1s L1 inW

Thﬂorem 2 T: V—=w is an erimol})hv‘sm & 1t 'tmnSforms gfwmml set UT V

i0ko s?am'mj sef aj‘ W s \7’y ¢V . V= SFM(y) hen ?m(ﬂv)):w.

Thesrem % ] C’Haml:(V,WJ then F.AE.
) Tis ma fsomor];hism
2) T tronsfoms ony bas’s Baj' V it a besis [(B) of W
3) 2B bosis for V o, T(8) is o basis of W.



Prr"]"— Theorem 1 >
=) Assume [ 75 a mmomorrhism . We will prove ot vy} is L1 <>

£7tw). Ttw), = TWw)Y s LI

52, /[Vv)-t-R»T(V:)f -—+a,.7(v,.) =0 &= '/_(alvl_pa,vz.,..-_‘,. anvn)=o &= O, Vit —10nVa = 0
y -

%) Taono ().
=) 1}‘ fo,-=,w) s LT then (%) & (k%) => h=-—"=0n=0-
&) 1)L {10y Tl is LI, then G¥) &2 60 = ai= - ~n=0.

@) Assune Hot X L.I. in V = Tix) 1.1 in W . We will vae that T is

ymnomorphn‘sm. Pssume T is mot a monmorphism . Jyso , Jw) =0 , then

¥=fv} rs LI sot . T(X)=fTu)=0} fot Not LI Con*tmoc‘ct’l‘on!

Tharrom 2 -
=) Assume T pi. We will prove. > V- span (y} = - cpan(T[y})_

Jet V= pomlii oo V) v=av =t el 2 Tv)> @.Tovd oo GeiVe). VeV
= 9}’“" (TCVI),TCWJ, '“,T(Vn)) 2 Im—[ i .W
Tep
&) Assume V= gt by) = W- 9{7071(T(y)). We will prove that T s efimaryh:‘sm
ptwdicim Tt @i ten Tn T 2w
Toke Y=V = V= splV] but spn(Tv)) < L] = W

Theorem >
From theorem | ond theorem 2, ue know thot

Tor a,ny basis B ‘7'\/) Tp) is LI and T(B) is g/mm‘rz7 set

ahaet i, GElEB el

(2) =D(3) ss c[oar : True —/'or oy bosis = tfrue fpr one basis

T is A*omalph;‘sm =



(2) —@LU\) Aei{u}me {v., .Vl is a basis 07‘ Voand {Tw) -, Tl ] 75 &
as1s "’or : | eFi : W:IMT , weW , w= &'T(V'h c=+0a T (V)
—.;T(a,y,+-—-+l2nl/n) GLVLT >WelnT

We know 1m7 sw.
T mong VG‘kerT , v=0aW =0V %O:T[V):OITCVl}f'-""’aﬂT(Vn)
= Q-0==070 V20 > T oo .
)

PmF; Arm\/>n,dim W=m . If nem . then IT: V=W such is &

mmom,ﬂf})hl‘sml .

P"’V[‘ Take v~ VnY a basis ff?r V. toke fWu-"'W»? o LI get 'n W

Define T: VW s the [mosr mop Tlvi)=wi Vi

T mmg - () -0 =5 v=oht-—rlle = 0=T(v)=aTCw)+ = 0=TlVr)
:0«-Wp'f""+aan
S = ==0 = V=0 = T mmw

72!



5. 7 Lecmre.

P@T‘ R e M (F)
row runk(A) = err spon (Ri, 22 ===, Rem)
cdumn 1ok (A) = dinp (GG oo Co)

EXM‘FE: Az_ (Io 3‘- ’;:) nw mnk(A) ;A'm}; ((/»2.'1,0J,[0,[,1,u))=l
oluma rank (4) > dp (019,600, (4,2),0.92) -

L.1.
Theorem: row ronk (A) = oolum rank (A
Prw‘“: Let /%f7 be a row relluced! eche(an form oT A
Finrte nwv&eroj'rvw 0---Qs, O 9 0
A eI > Az 0---9-Bs O s, = |
O . - o
- - - disy

rw rank (A)- A'\m- ((o—"o' Osi,-—), ("""'Q@sr"),*", (0,-—- 0, 0&3;:.“"'))—‘—"

a)[u,mn mnk (A) C[mr (C; G‘-H - Csa_ Cs‘,ﬂ mc CS‘;.CsH, --- C},) =k
€| GJLD Q; ‘TT)_,J .

A



ey “‘\‘ (=

/’)ﬁ\
T

TR
A <= o\'\
o> R o 2 o
i E‘V , “m‘k e i

e

So ik (A) = row rank (A) = column rank (A) .

Theorem : [et he Mmen (F) , Ax=b a system u]" m linear ez(acct»‘ons with n wikawns

1) The system is ihcnsistent &= ranR (A) < rank (A1b)
=) " Y onsistent inde t <> rak(A) = rank (A} b)=n

3) " " consistent Jepemlent &> rank(A) =ronk (Alb) <n .

Madewith GOOdnotes:



boof: Ax=b > T-F'—F" | T()=(ax)

runk A

I}

o(im gP‘”‘(C"G/”": Cn) = dim lf?aﬂ (Tte), Tees), --= Tten))
OLTM I«MT

¢ dim spon (Tten, = Tlen), V) - dim span (¢..G-=.Cn.b) = rank (A}b).
{
singe  span (Tle, - Tlen)) ¢ sran(TCe‘),---,Tcen), b).

We kaw hat span (Tle), - Tlew)) = san (T(e). -, Tlew), b')

b spon.(Tle:), = Tlen)) o In | & 226f = Tle)=p'
& The ¢7rtem has a solution 2 & consistent.
The system is o’e;pemient & F2,,2,: 2.£2 , ?::’E
& Jw=2-2%0 : Aw=Az-%)=0
& Tw'zoef" s T(w)-0

T is not @ monomorphism

& dim ke T 2| aad o‘.imfn-- dim kor T +dimlm’]' 2 o(rmlmT
2 R A

2



Corollary 1 : A € Muan (F) . Ax =0
The ijtm Ax=0 s alwmjs omsistent

aml. Je?en({ent = m.n,hA— <n
anePenJent = kA =n

PmT: Tt is clear thet rank A = rank (Ao)  since span (c, '—“.Cn)-‘S‘JDan(Cu,---.G,a)

Comltm] 2: A€ MmwalF) , Ax=0
If met => An-0 is omsistert dependent.

Preuj’= Ax =0  ocensistent im{e})en(}ent &> rmk A=n

e A& M (F) = = runk A = column runk A
—‘-OLTm s?an (Cu,---,Gn) £A?m’fm= m

Invertib[e matrices

De)“= A € Muan (F)
l) We saﬂj that A has a (ej‘t inyerse 77‘ 3 B&Mmm(F) : BA- Ialn

2) a h Rfjht " 3 C é'Mnxm (}:) = A-c =I{1m

?J) ) : Ao dnverse 1 B e Muem (F B A= Ida A-B=Ldn.



Jemma 1 : A€ Mmen (F) . 17‘ A hes [e]‘t worse e Mun and rv‘ﬁht inverse
C € Mnxm ‘fh@n B:C-

Pref: B - B-ldm= ¥ (Ac) =(8-R)C = Tda-C =C.

nxm

Jomma 2 : A€ Munan (F) ad it has inverse. then it is um‘cfue

PmTz Aime  BiA=1dn . AB=1dn

— B n Bz'
&A31An,AB;:Idm——>B sa_%t Verseano{ is a

r‘ﬁh‘t nverse —> B=B,
lemma, 1

i

Theomm= AeMa (P . }:o”owini are e?uivalent

1) A has [ej’t inverse

2) rak A =n
3) A ds rw quivalant w 1d

¢) A is a Pm(iuct oT e(ementmj matrices
5) A has inverse .



5. 2. lecfm're .
Theorem = A. B € Ma(F).
') A invertible & A" is :nverﬁble.

2) A.® invertibe <= AR ad BA ore snvertible.

Frf + 1) AR = Th=RNA

3) Acsume A anal B are invercible
Appopt-1d =8 A" A, BA A 1= A

[/

Theorem = A € Mn (F) . T"’”‘m"‘ﬂ are ec(uiva{ent

) A tus left inverse

2) ruk A= n

¥) A s rw oqwivalant w 1d

b) A ¥ a PmAuL"t of e(emen’mnj modrices
5) A has inverse.

Proot < 5= )V
U= b') A= Ei ~P | Ei elemen’fwj matrices
Bj theo 1, (), using rmet?orL AT Eg’l‘fg.;l"'fl
/
»3U4) Ao 4 (nw e{uivalznt) = 3% .6, ~,Es rw eiuiva’enf modrices ST
oo Bo £ -A s 1d D E(Es-BE)AEId =5
Sk B ER=E = pp BB E




| =2) Assume A has Left iverse <= IBetmifr: BA=1d

Cosider hx=0 - -fx Ax=o] = $o] & Ax o oo indepnds

eszmkA n.
T P> P, T0a) =), Ax=o cmsistert ndapenders
&= {x" Tlx- 07
={x": W)

=fx": Ax vo'( = fol
= 1= dn ber T+ dim InT_ = 0+ dim In T .
Now, TnT = span (Tle), -, Tlew)) = span ((hes™, =, (hes)")
= span (a7, -~ ,a')
oll‘m—[ = ob‘m spat (€, -=C) = column ok A = renk A
We have Pfoverl : fx =Ax=0]= {0] = ik A=n
JT ph=1d ad Axz0o = B.(Ax)=30=>X=0 = mnk A=

S555) Asome Rak A-N

JAme W™= V= R<ODoOcC=P = cMel=an Tov1 €
.

?' oci:7 a?g’ = ?
A — = 7A g i d?ét' ne— ‘_[ A
Rou orPamst=—ar = __ -_ 7_7 = __ = :a

— ~
W — €k Al baseaac A CRes A N < L

—~ ()—O.‘Lo — lo

}»A:k%&‘ A o
o £5 _\V_‘O A s ‘_ 3
\—i\;\\j\‘ij‘/ 2 s

n rol.uws

Remark « lj' A € Mmun (F) has (g]‘t ond n‘jht nverse then n=m and. A wertible.

Pt 1% N (F), ICEMmm(P) - A=l , A-C=Ldm

=Df36 sy D202k (A)=n = m= rark A = row rank A< m }=> m=n
Ale i T 212 ‘;mnh(c)ﬂn = m=rmk C=rowrmk C <n 7




Vet: T-V — W linear mf) between. two F—vecwrspaces . et B, bask n]‘ Vv,
By basts vj‘ W. Befv,—-. V] , B;L:fw‘, —_ ,Wn}’
The matnx aj’ T with nz?eot t0 B, ond B 7 Je]‘ineo( by.,

- An -~ Qin -
[ ‘ -.(Blga- = M (T; Bla &) = (l; i ) GMWH [F} st. / {VJ’)’ 0:1 W + %W»f“*alyuk
(m) --- Qmn

Theorem :
T.7:v>w. B bosis for V. Ba bosis Tor Ww. xeF.

). [T+T Tgg - [Tlos, + [7Tpen  2) (3Tlag, = X TTaes.
T-v—=w, T-w—=U , B basis fvr u.
' MaEe_'[Ni;J@BOan’t‘éss% : ET]&Q).



PM]L7 ]) B,=fV|,"‘,Vn’j Bﬁ-: fWI,"“,WW?
(T+T ]w ) [[(#p(w)]& ~— - [(plTl’)(w)]&]

(T+Tl) (Y}-Jofj: Thﬁ) +T.(Y}-) = i—an Wi +Iarj Wi = 2—.—(&{,1‘0:}) wi

where [Tlgg, = (@] and [Ty, - [ay]
= [TrT ], = [oj+aij | = [oy] + (o] = [Tlgp, +(TTas,.

: .’
2). [2Tlea, = [Em’gtv.) - [(A'I'I)(Vn)]e.]

2] =1

(J‘T)(Vj) = A Tly) =>\-_21?07}~W; -3 (J\a;j)w;

[‘)‘T]B.Bn = f)\aij} =)\[ij =M [Tlap,

[T]E.% = [OU] & T(V:‘J')=F§(ZU'W-' V} = ,—n.
[TT0.8y = [bst] < T(we) =S’§’ bstdls  ¥t=1.—m

' . ' " ) E
(T"T) (Vj) =T (T(VJ')) =T (,??ag' w.-) : P:zl'ay. T (wi) = gav 32;' b;'g:
F F

F

m K
—_— 5 2. b[alu —_ mya.
2 S i S _s'é- (ﬁz,bmay). Us .

fv.

r=1 Szl
(ToTTpg, = [(éb?iaijjsj] = Ube] 0051 = UT Jgyp, - (Tlae, .
W



Madewith GOoodnotes:



5. L/’ lectufe

) e swe P AN =
S = -

\i) i v —> ~ js.moo‘-\r\?g) /'" X5 o Lrir o= s

L=< ™27

—BaSTerivee Toscorie-3 s— a S T

L, U T Ty
T =
= = A- S =AVAY =l [ LS —= 1 - o sl =~
DT N e > ® wea =N |, TT(D) oo =

—3 ®» e - 1) mra e

DQT: Lot V ood W be two [ - vector spaces . We i ot V and W are
isamothTC qL ITV—=W, Ton rsomothism.
Remark : ) BGFMI 5581"0'?“(3 TS oan e({u‘l\/a[moe re(ﬂtion
VawW & 3T V=W n‘somm?hfsm

i)VNV<.=?>|‘0L>V—->\/ o V
”) 1T VrWw = 3’[: V— W iso =’3‘3T—(= W—V iso — WA~ V.

ii) VW ad WA = 3T, v—w - h-w—=Uso =TTV

= Vall. V

Tharen « let V. W two [- vector spoces VoW e dmV=dmw.

me, =) We keow +hot 3T V—>W iso. Take B a bosis of V. By(w

we kasw T(8) is @ basis for W.
#TCB) 2 cle w

@(,{?m V=#BTW
dim V= dim W= #L, ke B=fVi,i€1“( a busis ofV

&= ) -~ Assyme

B=fwi.iel} o besis o W

«

0



p@]tme T: VW st Tlvi)=ws

= T(30w:) =3aw: = T(®)> B 9)/ (v). Tis iso. V
I77)

Theorem : Let V. W be two [ - vectr spaces dim V=, dim W=m.
Homr (v.w) is ismophic 0 Mmen (F).

Pt - @+ Howp (v, W) —=> Maalf) (T = [TTpp, . B s o bast
‘I’or V, B o basis for W.
2 (T +To) = LT +TaJeg, = [Tilgg, + LDIge = (i) +al]5).
oL(N-T) = [0T]gp = X [Tlge. = X-alT)
mono:otq)w ;:77(‘0.):0 V‘geg, —=T-0.

e - A= Loyl Define T(Vj)= S = 2(T)= A
7

Cere“,ar7= dim Hamr (V. W) = Jim & dim W = n-m

Madewith GOOdnotes



Drj'mitien : Let V be an F-veator space . B={vi,— w] a basis for V
Wedg)"n 'b}lemo.‘l.’rlXof\/erLr‘esreCtW B as follows - @

EV]Q GMnM(I;) LV]Q[ ] f V- e = +0nVh .
Examr]re= V=IRQ e (2.1.0) , &, ={5,'e.,,en,'f . 9=r(|,o,o),(0,t,l), (I:O,I)T,

[V]% =(T) (2,|,o)=2(1,0,0) —\'l(o,[,o),ro(u,o,u)

o

[V]p, = <_%) (2,|,0) = %([,v,o)—f [ {o,l,l)+ -l (],ol)

Theorem: Let V be an [-vecwr spoce dim V=n . The Vs isomarphic
® Mu (F) . and the map V. —2 s Mua (F), for B a besis r V.

Y —> EV]@
& an lsomorr}llsm

?MT: Jot B=fvi, -~ V] Pl=[vlg , Bisa [inear nap
( V=204, thM~> /M \ ath | @) /b
() e{ MG

SR U S
monod \/elter? = )= [Vja—(I) = v=Yovi=0. V.
op - (.;;)éM"“'(T) ,toke Vbt —+ bV = PU)= V], (:)v
7



Theorem - [T[v)]%. = [1lgy - TVlg

m
Mt (F) Mm(T’J Mt lf')

PV‘VT: 9={Vu""v"’f [vle 2[05"J , V= a,V, + --- tlnVh
an

PJ, ={Wl, Ty W"‘]
ET]BQ' _ r bll e b‘j bim T(.Vh) = b,J Wt - + bmj -Wm = % b;‘j Wi
b =<~ b bo J =0

Tv) = T(aw+—+avn) = aTw) + == + 0T ()

L5 m
=@, bW + --- + @ 2 binWi
) i=l



J Hon (\/;W\ = 7 M ) vl b‘b s ﬁb\f‘:#wuﬂ aj
- 5 )(r(w 1(@13 s ’T(J) D AW = [Tlg)y: [ ]
N B M (‘\ “

| WE Mo Pesre®

e i

e
BEst B,

Thearem = e H""f (v, w) , (lrmr Van, alrmf w=n
Then 1):T is an isﬂmoq;hrsm 2):[Ths is svertible /8.8 basis oj'l/andw

= :,)_U]%: inyertible )‘ar sme B, bosis D]‘Vand w.

s 195) e b ki - Vw5 on i B3 3T wooy,
T'e Hom}:(W,V) st ToT=1dv, TeT =Idw.
let b.B" basis of Vand W

LT ] [Tl =[1" Tlap = [lalv]% =[[Io(w],,'—[lo(v»]3] -—/—éz\:- v] = 1dn

In the seme wwf [Tl [Ty = [ToT Ty = (1dw],: = 1ds

= = [Tleg - [T Jgp = [T Ty - [T]ig’

= [Tlgg' i nvertible.

2=>3) v ¥(&.?) = Te for e metar pair (&.8).

3=21) We knw thet IB,B" - [T]py iwertible . Jot C=(7]gs' eMatfo.

> 3ic’'e MutF) + C¢”=ldn=c"C.

(Lsinj et xSz an Fsemarﬂais’m we bow that I Se Homp (W, v) = at(s) =[5 '
=c"



K.y :Hmr (. v) Mt (F) Ay - Hom(g»{l/) —>Ma ()

5 — [s]g'l} =C

V-ILspw—Ssy
' >

dww = Hm (W w) — Man) e c4
g'e

Lot 's see that S<T°

[$eT)gs = [STgn - [Tlgy = C™-C= 1dn = [1dv]
=ty (5°T) =ouv (1dv) EEL> SoT > 1dlv.

[ToSTyp = [1lys - [Slgp = c-¢” = 1dn = (1dw g3

= dww (Tv3> = {Xw,w(ldw) = T-95>= 1dw.

Chan7e oT Pasis
V. B B Bwsis c [V]e, L= (V]s
VIlow  [The —(Tle’
BB BB
De]k- Let V be on - vector space . By Bx w0 basis . The otwge of basis
matrix Tmm B, to Bx is the matri%
M (B, 8) = c(®,8) = [BTp, » = (U], = «(1ds),

Theorem = V., W r— VeCHr Spaces b1, B bosis ]‘er V., b B basis ]‘ar W, Te Homr(v,w)
) (8T - [sTg, = 1dn ot 15 [ - [8Je,
2) [Jg, C(vlp, =CvIe,

%) (81 es (TTap TaTa, = (Tlp,0."



FrﬂT 1) (B, - [Blg, > EIJV]&% 1dvipg = [1dvis.e, = 1dn
3‘) [9-]% '[V]3| = [IJVJ%B; . [Vzg, = [IJV(V,]&L 8 [V]e3

5) 18 sy [Tlpa’ - [Ble = (1wl - [Tles, [1dTp, = (1o Tl [2]y
=0T bt

IO CRIDE

TS — 8K So

Madewith GOoodnotes:



Projectfon

DQT,- A Prgjgocion is a (mear eE P: v—>V st Pvp; p

Jemma < P 75 o Pro]'ec’cion < plw) =w VweImP

Pu - =) welup = w=pl) = P =Y Zplm

/E—') (PoP)[v) = P(F/[lfl) ;[?(‘f) Vv

WGImP
2]

Theoram = P+ V—=V [near map
i) P°P=Ff"='-)\/=kerr@lm]>
i) 17" V=SoU . then 2 Pa\/—ev 3. KerP=§.and ImF=M.

an)"l ’) ‘(efpsv . ImF cV Subsf;aces = kerP—f IMFQV

Let veV = v= F(v)-r V- J?( v) anol P(v—f(v)) = plv) '(}7°P)“’) =
¢Imp elerp

p(vl »/)(v) =0

-:D\/ékef"D+lmP — \/:kerF-rImP,
Lot we kefF ﬂlml’) = plw) =0 ond W=F(v) veV
then 0> plw) ZF(PW = (pop)w) : pLv) = W
welﬁerf; WGIW\P Pijmbn‘
= knrl) N lmF = {of
s a (mear mo,
2) We have Aef'"ﬂe P V—V such that : PP i ij_ecmf
I(erP =S
IMP = .



P(V)=P(§+UL):P(S)+P(LL)=0+(,( = pis um‘zlue.

Pis a (iear map ¢

VitV ) = U A4S+ U) = (S+S+u tUz) = htlls = p(W)+plin). V
PLu4w) = plsittussarib) = plsithitin plwi)« pli)

Pu-v} = p (X (stu)) - P(a\ssw\& =AU = N\ YM v
e €

P is @ Projecu‘m=
(ro]?)(v) = (Fap) (s+ih) = P(Flsm)] - F(“) - P(mu) “ U= P{V) Vv = pop=p
ker]? 2{'V=P(\/)=o‘}’ = {v:g»;u : l)(v): F[SH,L] = l=0 }= (\/=5‘HA’ u_:o} -9

Tmp = {pa, veV] =fpe - plswu)= . vV f= U .



b-2| Lecwre.

lelarj: Lot p: V=V bea Prf)jection. Then 38 a bass af V such thot:
[ ] —‘-—'.‘- 0 - Idr 0 p y = n
A N I 1 e E Al

Prw',' We know V = hrf 0 IMF . Take fvi, = vr] o basis Tor Imp and fVm,“'an
o bsts j‘br‘ Kerf = 8={V,,-—-,Vr,Vm.-~,VnY is a basis 7‘ V.

[—P]r& =[[P“')]p, [Ptm]& -~ [pur], [F(W'-H)Jg, o [Pg")]lb] =[[VJ;--- [Wlgo --- © ]
0

|9—=-99 -—-0
- ';9"'\,!‘ !
fé--=1] |
g ) I
e— b--—-D

0

74

Remark: 1) The Previfnts ooro“an,] can be ?enem[rzeo( as fol[ows :
p is a Projectien «—> 3B a basis st [P]B;[}%%%)]

2). The Jymv'wus corvtlar7 can be 9enemll'zeo( 0 any (mear map

T-Vv—W ., bu we need tuo basis.

Theorem: Let T-V—w a Linear map . dim ImT =r . Then 3Ba basis

tor V. and B o basis for W st [Tlgy "[%'Lr/_g']elv\mun(f7

rf din Ven . dim W=m.



Prwj: 3ince dim lm-[ =r ., we Rnow oL‘m kerT - dm v - o{imlmT = n-r
Toke {\/m, -—',\/»} a basis '/‘er Ker T.
{Ve, =, Vaf is L1 in V , we con extend it 0 a basis oT V
B’—'f‘ﬁ,—", Vr, Ve, =--, V"]
We laow ImT 2 fT[vJ, vé V? = ﬁ(g’:am) = a-T[v.)+——+0rTCVr)+ arMT(Vm)'fm—l-anTan)]
0 J

= fa.T(v.H -+ Qr] (W) } : ffanfT(v,J;—-,T[v.«)]
ond dim InT =1

= f\ﬂh =T(w), We=T(w), -—, wr=Tw) | is a basis for In T
='=>fw|, -, wrf ot LT in W, we om entono( it 10 a basis

Q;' =fW|, e, W, W, -, Wn} a baSiS 7or w.
(Tl = ([10/0]8.-— (Tvaly Citven]y - [T(,Vn)]g:] . ZEW‘]B' — Twely o--—o]

To-?
:[‘? N :']
b—-p--0

2



Determinant only for squore matix

v]t nel A-(a) Al =a

= = a b = -
n=2 A—(C 0() [A] ad - be
allMu ~QuMu * a/%Ml%

n=>% A-= Qu Qi Qi Qo Qn Qs
(6&. An axl;) Ay An A = ana“ 23 ~ Q2 @ Oy
Ay an B> sy Qn sy ds2 Q3 Ay Qys
Oy (o2
-ra'}!a)l a;nl
) Miz
e |2 f ;
eXam]) ¢ 5 6 :11;56”1[4’6[1‘3}1&5!
189 1 7T 7 ¢
_ 1 (y5-ue) - 2(2h-¥2) +3(32-35),
= -3+ -]
=0

DQT ¢ The determinant of a matriz o!rmmeo( ET e{iminatfn? the | ' th row arw(
the j'th cobomn of A s called +he 7j "th minor of A, and. denoted MV

T)eT . The determinant o]‘ Ancn ,(;lenutea[ blj Al s

[Al =My - QM2 + Qi /Vl,g = oo (-l)nﬂalin )
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b.2b  Lecture.
¢ (let : N\n(f) —F isa multi(imear M_ function s-t- det Tr=detle, )

)
) olet (-, Ri#Ri, - Ru)= ) et (R, -, Ry, - Rj. =, Ra)
det (R, Ri, ~-, Rn)+ o da (R -0 .0, B)
) J [ . .
et (Ry, -, & -~ Ra), 1]
) AQ“T(QI,"', 9—2\",""]2") ) a(et(.Q\,-—-,Ql‘,*-'Qfa"‘rR")
= (sz Ri,-~.Rn) =D or column .
.

Q. common )Lad«‘ur OT /3 WW/ column

)hgonam 1]L ',Lunchon olet exists , then it is umque

Pyvo]‘: 1T D: Mn(rJ —*F mu[ﬁ[fnear,a[teminﬂ . 'D(Ial)= 1 Then .

D a Zm) - D({o ). = (o~ )

n n n
= D(ll QiCi,, 3. (ai, Ora , -—, _72-_ aminQi,.)
L= -

b | =l

n 2 . .
-5 2 1, Qii, Qai, - Choig Dlei,ei, -..,e.n),
iz In?

O i s~ Garew Dlere ert)., 0rt).

() V&5

=2 s

;7nr Qirt) -= (nrtr) D(eu e, -, er)
regn.

Gnr(n) => D Is umizfue :

=3 s?jnfOnr(') -
r )

'Thgo L _”w Tmc;bmn o{et exsts .

Noresvers,o cdét A= 1 -0 Jai detA = j'; (—|)f+]aj- det A
N

(r,J')



Proat - Clt. N\.(,:) =97, det,(fa1) - 0 s g determinant . Ej jnduction, assume
Aetn-l erists | 'De e » Yo Malf) = [ 0, - Malf) — F.
()= 2 (fl)kjar)” detws A1 @ (A) Jif -0 05 deotrs ATV
Check V., ¢, are mulgilinear a()cem?nzj, 0, (1) -1 = ‘{L(Io{).
=5 gl |, are deteminant function and by o £, QA1 ¥ (A

Theo: A € Mal])

). ek = det B = - det A
|€-°J

) A——pA = dot A = adet .

Rr—0Ri ,a%0

) A——A" S ep-deh

Ri—=Ri+ aR],a4o

Pt p () A ()
), O[E’CALMRM-—-,RTJ,-"R]i,-",Rn) = (R, R R ) = - A

2) et A = det (R, oRe, = Rn) = @-det (R, Ri, . Re) = adet A
3). det = det (2, RivoRj,.8j. -~ Ru).
= et (Ry, = Ri, -~ By R ) 4 0-det (Ri, - R, - &j,— Rn)
cdtpro0 = deeA



') Qu Qi - -- Qin Qn 0 ——- o

D 0.5»1 \ a} 9
N IS ' = Q- - -(an = af' 1‘\ AN
1 ~

‘ -_,'O‘O-vm N
o 9 o _Nam

2) dot i - det A'
y) det (A B) = deth - dee B, (det (At®) #det A4 det %)

). A )m/er‘tlb & dekA #0 [A—l’ 1Al
In this cose, A= m : MJ’Px , AJJA = AJjom ot A

PWDT: |)_ qu induction, [@a] = Qn True for n-t.

Theo :

O Qo --- Qin a»—-—am
S A RN I O i)
G- olm LY I R
_ T
2). 91] TnAWTGn: (@] =(@n] e 1’0r n-l.

L T ( ci,]))T

det A=Y, (A)= 2’(1 Ja det A G 2] (A ); K7))
l.j.i]
- 2w deeA)
= )
T
= V(A = det A

Do Ry B = dr (R, RAETR -, RD) bodeis
=4 (R Ry s RD) L aK(Dy,— - Bd - BB) e R D B N o R
Do R R (RY)-- ,aR3, P}g &) (Ry—R
L\ D Nm-o)mc

B B iR R =44 (B3 — B2y R — Ax(Rp- -, RB— B, RB) = — DR Py, B, R
}(w.,_k \a_‘\AJ( T PB\>Q
Q‘D(T’D- D (een,- < 13:74&(9“5,<<B, S ;
— 4 B Bes s
@R e e TR
Lo:j”\] 1‘\1_\‘\9,,_;,.3
B Do 4

Ry, R &&&‘Pbye_-eq
s »i(v:; ) &

AD) O A Lya
RN




4) . =) l]L A ismertble = 34" a7 -1d =2 | = dot (1) = det (A-A7)
SdetAro.

S b b N () : AL
&-:-—) AAJ A—< --[,fm> bIJ-( ) JAzth , wewf(frweA A09A

b -

~detA - detA”

~derh-1d > Mg ELE

Coro“arj - every property of (] which 75 trie for rows . is also true for colmns.
Advice - Evaluate |4l us?né] a row /olmn with s mani o's as }mssilole.

1‘]’ Oneofdwrwseroalmnc is 0'c then JA|=0

If one row (column) is a mu(ti};le u]‘ aother row (column) hen Al =0.
- Madewith GOoodnotes



Word of coution - oa b o b
OT e d - 0(]6 d

So in jenem( s !o(Al = dn/Arl (ldﬁ}]#dl.%l).

1]‘ Here are two same rows or colums . then |A| =0 .

Ae—p' = dth=-dot A =-dth = deh=0

Rr@Qj

Same Yow

Remarks = @ T we do row ofemtions , 1A chanjes !
®. 'T A ad % are nw - ec(uTva(ent

thn || =0 & [B]=0 .



538  Lecture

):iyenmlues ano( EiyenVectors

'CAN N! Ty A %“'S ”’bﬂa;"\lw S\l; A |
JERTS , W Compurpmens o DE - BRI DN I‘T(tf)]5 ]’I('f\ /r(l{‘)"klsl
B ) /Y\r\?:ﬁ:,\zéz
P= iy e A,

. ,-))24¢ (qu) S aT@)= 2 ad s =0 j 320\;& . Gil=o ’dij
i dr > =< AN Ao\ >

-~

- M
ELE IT]V{ N e [ <> IBb: Tvi)=2ivi Wied <= 3B-T(avi)=aT(vi)

" An
axaiVi YvieB

& T(evid) € <Vi>  YvieB.

Def‘ Given T e H‘""f (v.v) . A ngfm S of Vis alled  Tnvariont wnder T
or T invariant 'IL T(s)gS‘_ @

Madewith GOoodnotes



fxamr[e g

1) T-V—V ., Tl)=0
> T(ers) = T(io1) - o] = 0>
<0> is T— invariant .
TWeV . YveV = TWeV

V s T— invarfant .

2). 0:V—=V , 0(v)=0 WeV.
0(s)-folv) . veST - faleS VSeV
S is O- invariont.

). T Rix]T — RIT T(]ﬂxl) ;P‘(x),

T(a+ax+-—+0x") = @+ 20X+ --- + n0ax""'

T(Renlx]) = Repix] € Renls] = RenlxT is T - invariat.

u). T(x,lj) = (x+l1,x+|1)
T(x,%) = 2(%. %)

S‘:f{x,x),xef'f T(s)eS = S is | - mwront.

Problem 1:

ljmotfmi B auch that [T]p is o(raxjona[ s ecZuTva(ent t0 f;na{m7 B <Vis is

T - invariant Vyie .



DeTinitiom
Given TE€ HOMffv,V) A saler /\ef' s called an ei7envalue 01— T ,\]L

':'{ve\/, V#0, St T(V) = AV, :[n ThiS mse , 'L’he non - zero Vvector

vis alled an el‘?enVector associated o +the eijem/a[ue.

E (x, T) = Vo = fVe V. Tv) :Avr = fE.‘yenvectorS aSSocfatech/\ ] Ufof.
characteristic space assiciated. 49 > .

Examrle: e —— =t ) T(x,7}=(x+7,x+7).

Ef7enva(ues ¢ nef s Thy) = alxy) for some (x.y) # 0

X‘Hj = AX

T(X'j} = )\(x,lj) = )\(X,‘I) =(’”7'M7) = ((x-ry =)\\1

& H\X =.>\31

=‘>A(x—\])=o — =0
\x—,ﬂ—»—;»),X:/\K- S X=20 or A=)

x+y=o

Aos Thep)=oley) € [l < x=y.
Tlx,~%x)=(0,0)=0-(x,-x).
X=0 S an ei7enva[ue ,ana( (%.-x), x#0 is anef7envecfor
Vo e {lx,’x). 'xe!;?.

A=2: T(X-l}) = 1(x.7} i =

X+7 :)—II

T(x.%) = (3,2%) = 2(x.x) .

4=>x=ﬂ

A=2 is an aitienvalue. and (x.x) x#0 1s an ei?enuactor

Voo o (%% . xef i,



Toke (1,-1)eVe , (1.1) eVa = f(!,—i),(u,n)f s a bosis an’

T(1L-1) =0 _ o o
- [Tlg = N
,(I'I)zl("‘)=0'(|,l)+l(l,l) > (0 )

PmFositIon: IJL A s an ei?enValue -f'ar a (inear ma}) T-vV—1V. then Vo
is a gubeFace of V.

oeVx
PVW,' 8 Ol)tl-ﬂﬂ 1 s PY‘OVQ SRYA JV}GV)\ = Vthe V.)‘

aef. veVn = ovela.

Option 2 = Vo = fv: T(W)=av} eV
= {V=T(v)=)\-ldlv)f

= {vs (T-Al) W) - 0] = Ker (T- a1d) 9ubsrace.
/7

Theorem = let Te Homp (v.v) . The Tvllowin7 are egu?ralent:
1) xnef . ison e;7envafue
2) T-21d is not o monomorThiSm
3)T-ald is nit an isomorphism
) [T- AId]y s not invertible VB
5) [T-a1dls s noit ivertible for stme B.
6) det (T-A1d]5 =0 for some basis B.



PVBBT 1) = 2)
N s an @ envalge < Fv#o - T(v) =v
&® AvE0 . (T-o1d)v) =0
& Ker (T-a1d) #0
& T-a1d s nat @ monomo7zhr9m :
2) = 3) (T= V— W, dim V=dmW : T mong & T epi & T s0)

Lemma < If T e Hanp (V. V) , 8.9 are basis of V, then dot [Tl = dov (1]

¥
Pm,,]b; [1]g = [8ly [TTp [8T, L2, [T1a (BT,
det [T1g = det ([E'J; [Tle EB’]B) - det D815 - det [1Tg - dat(B7p ~(x)
IT cc?=1d CeMcf) = j=det 1d - det (c-c”) =det C- det C
= dot ¢ =(detc) s eF.

det.C
= (dzt EBIJQ,)—I- det (17p - AQ’CCB']% = (1615['”9, - (d&t[%l]g)—" Jet[B']B
8 JE‘t [T]p,.

)

L/

Kemark < The Frevious Jomma. 7S rue Ter any linear map-
In Farmulor. toke T-ald: V—=V . B, 2 bosis for V.
then et (T- AdTg = det [7-22d ]

Pe"': let Te Homr (v, V) . The -characteristic Polynomio[ associoted to T
is 7fven b|1 P (x) = dot (x1d - T]g



Theorem: X\ s an erienva[ue af T <> X\ is amt a]‘ Fr(x) .

P’"T: A it of Prix) & 0= () = det (A1d-T ],
261)" det [T-2Td]p, == X is an e envalue .

C) &)
B
Emmﬂe:
)T (xq) = G, 2y)
(=[] . Prix) - [Xu_ﬂg‘; [ld]y - 11, =‘xm:’1—[.':1\
7 me&?
:/x—l - ) ; (x-2)
4 x—l‘ = (x-1) - = x(x

Ei7enm(w€ for T e a0, A=2
Vo=l ] = er T =ftaqy e [T | = osnpd
=f(xx),xeF] = <l
Vo= f v T =29 ] = ys (121 w)=0 = or (T-214)
= {oepef™ (0106 ] )[512[“?
~{per [TATGT-081T = foayp xoy =
:f(x,x), XGF] = <(l)>



x-2 -l |
-2 x|
-2 -2 X

[3 | -
2) [T}B = {3_ 2 ,|‘ , PT(X) 2 = (X—I) (K'l)z
2 12 0

B7enValues : 4,2,

=ker(T-li)>f<X'712)=F‘l :'ng T fic.0,200.x6F |

L2

= <(1,0,2)> .
V= fveToo=av ] = bar (210 = focy,20:[3 0 2 T3] 2]

:f(X,X,J-X),XGFf = <(1,1,2)>



6.4, Lecture. £2-62

= Find &\ceml‘i»ues- T

" T(\ <Jdr< [XTA—/-S\ AY]BM&X . RSB i "
(s x\—\) e ;\\m\\ (— m\we\ \io\(r xm)

\),F’F)’C’L‘ e \JA g

E NV ECTOR!
GE\J: :Q\S U{ ETeenyS RS u.\\ %Q‘Q\] (

/\E enurlVEe —

VQT: A hnear mar T-‘ V—V is alia?ona,i;able iT 3B basis G‘f v [T]g [}\'

Remarks < ') < T s diajonali?able = 3‘)\.,)\1,__./)\“6’:, B=fvi., %, --',vn}_
Tlvi)=xive Yi=l,-~n & I Ba bosis of er7enVectors.

2) : I‘f T i diaﬁona(fzable = P-I-[x) =}[de—7]5} = /XLL-[TJ;/

= / XN 0 - (KA (-] M)

efix

%=
Q T X=An

ﬁPT(X) has all its romts irLI:.

TiGEeNVE CTor

_ 1 T3 WoT DinGon AL \XTAGAS

2) Tz (x4, x4Y) (_116{" '1 BRATEN

\L: =Qie ( V'L: <Gy — B2 (-0, D] Raws A 1B
2 l_’ﬂg__ l’i ; _‘"} ! ’YT(“W;(X—D(

zZ ©




Remark oiﬁerWectors associated 0 Aiﬂ‘emn’c aijenvalues are /L.T.

Pm‘I': VooV o Ym0 TLv) =i, Vi, N #X] Wi#
gj iniu.ction on m:

m=|, avi=0, V.20 = q,=0

m=2,

Tz ave, Tls) =2, X 2
AV 40V =0 = 0=T(a) = T(@Vi+0:Va) = M QVi + AoV

=EM0 = NMON, +>\10»Vz

= M\ AN+ N b\ = MO M+ ,7\;_01\/;.

= (?\z-\%‘)az\b((‘x =0 = @, =0 =S Qi =0
»
0 0

Pxercise Tvr s’rer m . 7

Jemme. : ]T Te H"'"F (v.v), X eiﬂenva[ue, V£0, Tlv) =2V, Px) =0ax™+ -+ € F 1],

= P(A) s @ eiﬁenmlue u}L the [inear map P(T)=GT "+ —yaT+ald.: V=V
with e?emab/e V.

PrWT: Bj induction, we can Frove T“(V) =)\".\;
k=1, T(\f)‘—‘ AV
k=1, T = T0W) = T(av) = a-Twr= AoV
Assume Ty = 37"V = The) = T*(TW) = T v = AT )= 25V,

(T - +0T+@Id) v) = a.-T' v+ -~ taTw) 4.V
S @AV mm T AAVE AV = PV

7\



Theorem = Let T e Homf (v,V) . let ni, .o be cigenvilues of T, xizxf the
/’hﬁn’ ; I) : W: VA| + \/)‘,. + '--+\/}\m = V)‘I@\/)\J@"' @\/)\-m
2) Ij' Zi s a basis oT Vg = B UBU-~- UBm is a basis uj' W,

3): dim W= dimnt - + dimyn

Pmrr: We know S, + <=-+Cp = S, @ 8 Sm <= an7 VeS+—+Sm an be
wrtten in Q unifue Waﬂ, As vsW+t-—tVm , Vi €57 &>

0= VitVak-—-+Vm , Vi€ST =D Vi=V> =---=Vm=>0_.
Jot Vi4Vat-—tVm=0  VieVou , hatis, T(vi)=nivi . We hove 10
prove Vi = 0 Vi
] (7(—)\') ) (X"\ZJ o (X-'.)u‘-l) [X—)\i-rl) (X')\T-«-IJ . (X’/b")
Set P (x) - O -2) (AT =) (X7 - Ai-) (A7-m) (Ai-Am)
o efix].
Prin) =1 P;(?\)‘J”’ J*! f
0 = Pr(T) (Wt Vot mrti )= Pl vt AOBIE+ =t Pila)Vi 4+ Fi md Vi
5 0 ’
v Vi
Y/

Theorem: Lot Té Homr (V.V)  The f‘ollome are ezfuivalent.
l) T is dfajona[?zable
2) Prxl= (x- A1) (x-2a) " - (x-m)" , AT EA] Wi#] (n=dmV= 0{37 Prix
ancl OL"m Vou=C Yi=l,-—m =0+ cﬁ_..,,a,)
3) LimV = &Im\/}. 4 A}m,\/)u -t {J.Tm\/)\m
) V=Va @\, @8 Vim



Pm]L: ) =2) T o(.‘ai. = 3B abasis : [Tls 3(/\'\}6 ]

c @;
)

= P (0= (- X)7-- (X- )

Moreover . dim \&i 2 Ci since  the besie & contains Ci L.T.
assocra’ced to Ai

We know : V2V @4, @- @Van
= n=dim V 2 dim Voo + dim oy + -+ dim Vam 2 €4 Car - +Ca=nt

If' d«im Vx. 7CG =>n ZA;MVA,+—"+diMV\)»m 2CtCzt—1TCm=n

= J;MVM = (5

1) =2) n= Jaj?ﬂx) —Ci+-=*Gn.
= dimV=n=C+-+Cn = dm Va, + - + dim Vo .
3) > 4) We kaw = Vo @15, @ -~ OV 2V
ad  din (Vs @-—814) = dim \bu + -+ dimlow, = dim V=10 .
= Vn® -~ +hn = V.
4) 2 1) H V=15 @-Olhn = I B a bosis of B such tht
P=2UBU —UBn  Bi basis o]" Vai
Bi = besis Tc?envms asseciated to AP
= P s a basic aj‘e?jeﬂVQCﬁ?VS = T is al;aj,omlrge,

b



Corollarj  If Te Home (v.v) , Prix) = (x-2n) (x-)a) = (x-Dn) €FTxT | Ared]

Vi#zj = T ciiajona(f?able.

Prﬂ'rfr We hknow -that dim Vo = |

N\eresver, V2V, @-— @Vy, = n=dim V= AJMVN*"‘*(JJWL%'\n v
]
2414 +1=n = dimlb =)

i

Dej’ N eTyenva[ue oj‘ T
Aljebraic mu-[‘biFlicH?j OT = mulﬁFlicitt1 GT e i > i ?—r(*).
(ieometric mul’c?r(ic,i—hj OT X = (L‘m N

Theoren (X) | 7 olra?ona(izable &> 19 has all s roots in F andl

Geom. wlt-(N) = ALG. mikt-0) Y= Frn =0

Remark = 1)< Geom. mubt. ) 21 ad  ALG. wilt. W)z V. rot o]‘ Frx.

2): For am] eTjenvaLMe XN, Qeo.mult. (\) < ALG. malt. (N



6. 7 Zecture .

Dzr: Given A, B eMn(f) , we 907 ot A Is_similor v B i 3C eMn(F),
C mertible = A= cTBc |, notation A~ B

¢ ~ y g = —l, .
Pro})vgiﬂm" * similar is gn a?wVﬂlent relstm A~ <3¢ A=c B

me.» Anrp eIl A=1 A1
ANB & JC- A:C—‘.E.C @gc"__ 2=(C—I)"'A_(C—|)®BNA -

AM"A;.A: ~Ay < 30,6 0 A= cA G, A -‘-Cz_"Aa'(’z

DA = (GC) A (60) DA, ~Ps
7]

Thevrem : A ~Ax = A and A. are associoted to the same [inear maf
T: Fr\__; F'YL > HT-Fn.J}F'L ) [T]& =A and [T]8;=A2 s TDT B,
B, basis ef e

me- =) Assne (TJo = Av, [Tlg, = A . then Ay = [TTo=(B:Je [Tl (@],
:(D}I]B,)']' Az . [&J&.
@A{ "'A:L 3

=) Assume A ~ A ‘pg}tme T: F'—=F" st. As =T,
fvr P 0“"7 bosis °]L Fn



A~ = 2C mvertble - A =c A C = C—I[TJBz—C

(®1,)" (7T, - (BT,
=[T]s,

)

Remarh: A o{raﬁpnalrzable cz@—_f—b dc: = C"-A-C . D;[)(\DI\“)?
D A eo ' -
H p - lgf] A A-[T],, [;\ \AO"]#T]&
<D§f—'>

T I Am7ma(izab(e.

Pro[)osition A~ A, = Po= B, where Py x)=det [xId-A]

PrW]L: A' NA)_ ﬂﬂ_) HT' ,;n__-;}:'\' ) A';[T]E’I . Az;[T]BL_

P00 = dot (- A1) - Jr(Oxd-Tg,) = Prowd. 1212
= Pox) = P = T, 00
i
Remark. - # . counter emmTle < A=1d A;:(é ',) / PA,{x}:/’;" X‘_’l
X-I - . = (x-)°
?A;(x);lo i = (X-1)

A’; ’\’AI (:Dg-—f'b 3C:-: )n\(er’tib[e 3 Al}:C’I'A.-C= C—"Id'C :ld
Hmc@ Az + A



Theorem : I]L A, Az are d:‘aﬁm[izable then A~ Ar &2 Bx) = By

Pma]L: =) Previous proposion .

< _ - 0 ] i
) PA.‘X) PA’J(X) A ¢ / /\n] ) C;l'Az‘Cz ‘[j; \.AZ]

Tei mic: (x) = det (xld CiCr =det(x-c;"-ld-c.- —C;"-Asz)
= et (C{'(x-ld—er)-Cr)
=cht G- dot (xId- A7) - det Ci = det G dor i - Py
= det (Ci™ C1) - Pastx)= Pair),

X-Ai, 0 XM 0
[ 0 \')(’)nj = P ) = Ppst) = [ 0 "X—ﬂ;]

= (7(—)\) (X')m) = (x- M) - (7f ,aﬂ)
= fan o a] = fp gl

A w2 ) e (B 2) o
a

Aief

Thetrem + Lex T:v—>v st. Prix) hes oll its rerts in F‘?TM)HX—/\/»K)-;)

then 3 B a bosisof Vst (115 is wper ’m‘aryu’au s, [Tlg= /0 I

P ¥ mdu.ctlﬂt’l m n —dlm

%) 9
n= i,ﬁ(x) (x-M) = T]p,z[)\:]ﬁ IS
Agsume true fvr n-|



Mo a rowt v]L RO = X s eifenvalue = I Viso, T(v)=v .
Extended fvi] to a basis B=fv. va.-~ve] = [7], (m 0o Qi3 — a,y

d (

0 (o ---
Jet W=5}70/1(V1,\/5,"‘,Vn) = din W=n-1.

TeW—W: [Ty = (””) B fr, ]
Ona --- Chan

T(1) = GalVi + Gl 4052V + -~ tOa Vb = QuVi+T (6]
w—————-’
Tlv)

T(Vn)=0/nvf *T'(Vn).
— 1| Qa -0 ’)\ll -(a “aln’
= [Tlg =% = Pyl A1) det( (xd-T T
B (‘/ T']B'/ 7% / /[xﬂ T]B/ =(x A) &t((ld T]e)
0 =(x-M1) - ?r'(f(}.
= = roke - iw) . By L 30 fi o). e (. 7 )

U on/,




A9 Proyscr -
Excrase:  CHese  Thay W T3 A Necr=

We  Can €XTenD s Dewismond  Tme ANy

ey T A L

B Tdocnan oo N AN T
IR 0 ) — Ay e
B o T v Tk

Aimn oy A b — 3o

v QueTicv v

‘ Do spacs ~
A

SYSTN o Linvean cuades

Madewith GOOdnotes



b w.  Jecture

S o — PO
D RN RN < — e
(M-.\.r:u\<i B A eS}
B e (Sl _ Sy 3\

SquivaLem cs
1\<,\g~\; S e D
DS ~vT S e ey — (=

 —

Vﬂ,wa\(j s ﬁ{w\’ i
: = <N - ~ i%\.aa\l N~ e = =2V o -
——y mgmz,geg\st :;333;3 s

24 \/ = SEr oF bl

= A Ceemd): eir S =6

T A
l‘1) “’()6"1'1 °) = ("u‘“"(‘““h

| heorem : 1]‘ S e a eu_bsPace or V., Ahen \/g s o vector gpoce
v] +(w] =(vtw] AWV = (av]
Prﬂ'ﬂT: Well De)‘mzal= VeV waw = v-veS, w-w'eS
= v+w + (vV-uw')ef.
(v]=0v'] , (w]={w] = [vtw] =[v*w]

vav =v-v ' '
V-veS = sw- AV = a(v-v)eS D av A

7/

Madewith GOOdnotes



Theorem - Let T" V—>W be o (inear mp . Ker ] =V gubgpace ,
Then 317" V/“@'T — W a monomorPhism mabv‘nj the
Tnllowmﬁ a[:‘ajram commtoative: V L= w

| .
%erT \/_'l

P+ T (07) = Tiw
Well defined « v ~ v'=> v- V'ekerT = T(v)=Tlv),
0 =00'] = T (o) =T (0v1)

TI (faear YW*]?
w
Corollarl’ ‘ —T= %erT — ImT iSOY"*'”"F““ : (CW) EV]) Tv).

- —Lsp T/x,y)ﬂ'j, ker] =S
myg

Theo : 1T d;m\/a o0 , ‘L‘hen Cl;m V/g = diIﬂV' dfms

Pr : T : \/ — % el;imorFI\me : Aim V = Olim L’erT + me ImT
\/_4[\1] :drmg_i_ol'h%’.
Ker—l = fw [v]:[a]} = fy:v_oeSI =G.



Dyalit



