
Algebra A

Winter 2024

Homework 8

1) (20 pts) Let B = {α1, α2, α3} be the basis for C3 defined by

α1 = (1, 0,−1), α2 = (1, 1, 1), α3 = (2, 2, 0).

Find the dual basis of B.

2) (20pts) Suppose V1, . . . , Vn are vector spaces. Prove that (V1×· · ·×Vn)
∗ and V ∗

1 ×· · ·×V ∗
n are isomorphic

vector spaces.

3) (20pts) Suppose U is a subspace of V such that V/U is finite-dimensional. Prove that there exists a
subspace W of V such that dim(W ) = dim(V/U) and V = U ⊕W .

4) (10pts) Let F be a field and let f : F2 → F be the linear functional defined by f(x1, x2) = ax1 + bx2. For
each of the following linear operators T , find g(x1, x2) where g = T ∗f .

(a) T (x1x2) = (x1, 0).

(b) T (x1, x2) = (−x2, x1).

(c) T (x1, x2) = (x1 − x2, x1 + x2).

5) (30pts) Consider the real vector space of n× n matrices V = Mn(F).

(a) If B ∈ V is a fixed matrix, define a function fB on V by fB(A) = trace(BTA). Show that fB is a linear
functional on V .

(b) Show that every linear functional on V is of the above form, i.e., is fB for some B.

(c) Show that Φ: V → V ∗, Φ(B) = fB is an isomorphism.
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