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e Duration: 120 minutes.

e Use of calculators, personal dictionaries, electronic devices, reference materials, per-
sonal notes or any other extra material is not allowed.

e Present your answers below the corresponding statement, and use extra pages if
needed.

e Write complete, rigorous and correct arguments in every item.

e Presentation and writing will be evaluated as well. Write with no scratches.







PROBLEM 1 (20 POINTS). On finite dimensional vector spaces.

Let V' be an F-vector space.

(a) Define when V is said to be finite-dimensional.

(b) Prove that if vq,..., v is a linearly dependent list in V', then there exists 1 < 7 < k
such that:

(a) v; € (uv,..., vj_1) and
(b) {(v1,..., Dy ooy ti) = (V1,.. ., Uk)-

(c) Prove that every finite-dimensional vector space has a basis.

__(av \/‘a’(m\ {:~VE(,-{10~/ ePaCe) 'S sl)ar/v’\P/J& /ﬂ%@]rg‘é@a\ Lj 0\@},\5%:

f/ 4 "\ . N
[ ap 5;)& tnte vechors , which i 5[3&”!’15 ['sb . Then v sad

\-/‘éo Lﬁ “[\v}\/{ﬁ, A.\mef\ 91\9/\0\’ V

Ug) (a) Sie Vi, sl s o (,‘f%r/j Aq}@n(?éﬂt/ Tren %5\3109/
Q'l/‘+a"1/”("*“‘ra@v[¢:9., 300 (X (s m'é 0
lets call $e  dxct non->or0 element ¢ |, ]

"(’H?z/\ A, ‘/( £Vt~ 4 [}J\_( \6‘_‘ = -QJ\ VJ\
i | v‘\;\_-.-Q‘__'. =z _Q\—'}, Q-
LJ GJ\ v‘ aJ\ V-l—-—‘ = -—.-_J_._.[ \/_J\-‘ I ':;7 v-\ 1‘3 ( M vaﬂ\
o; : ] n (Nor comana Loy

Voo
o+ [ v,
( \/‘1, v, \/J\—]] '
:> YJ\G <V‘,__~./ VJ\'ﬂ)
(b e need 4o mea, 1t o J:‘ﬂ?ctf\flf\g

——-C) Si}\(&— ﬂ/ % :
— § L , V\ PR Fﬁg {V[/ 5 l/[‘rx _b A

J o <V‘1 Eiy 5=
SN Vi Mwﬁw(w‘/ Vis-Vis

N 2D Loty ke MY VeV snh thyt |

g,h[/g, we e V, AVt Qe

J L
<o Wy Vi bVt Ay o
Yt 40y Chit b 4y,

V=0+90h s (o4 Ogba Vot - ( @0t ) Vi 4
4L Vie R\

Then v=ae-+ oy



Tren V& V), /\//3 A4 v

- A
@r(l\'u\s <V, -V, o Ve7 = QV‘!“‘I\/\Cy

(_(J @JQ/‘(M(%l\O/\, @F@j "gi}’\\‘{e A,Mf\_s.\gf\a.{ VE[éQ( SFQCQ has QA
917(]/!}’,@ /f(st T/Qfl we. (O(\S.‘.J@/ 0 Cases.

=t [ The spianvy (ST 3% Linearly idpondhnt , 1, by Jef ity
o bagis. Ths pomty B s L V

1. The spaning [t @'ﬁ%’a’]’m{j ferendent,

L@‘t aVy,— Ve be 4 9faﬂﬂi? [isb . e

ee ?romtfm y Ch) <Ul,-..,\7},‘.-,\4&7:4(/‘,__./\@7, v
Then e r‘# Vs s W sVl s /Mr{j .hJa]”(W(@ﬂJD/ then we qrp Jore

J*‘p Vf/‘”/\?}./-“z\/\ﬁ \k_s |;5~ea‘r(j &Fg”‘iﬁﬂ‘t/ #{V\ \/V\eﬂ (A 01(90 0£9 'ﬁ/f/
PTOCQS‘S Oqui)l/ﬂ.

Jha(m(—(]‘\\f@(j, Wt oA 98t a /17‘90?\{? I%fgﬂﬁi‘”ht Jrt_ Hat s otlya5|l5[
((][ -b[e /'ks-b S ﬁ/ 7%64/\ t/LQ —(\rh'ite A-rlméng.'()(\m‘ Veéfgf SPa(C X
Jof. 9@1}5%63& v E

/78

| a3 |

N/




PROBLEM 2 (20 POINTS). The fundamental theorem of linear maps.

In each case define a linear map satisfying the requirements. [No need to use matrices.]
Then evaluate the map you defined in the given vector.

(a) T :C* — C5 such that

(1,0,4,0) € NullT; T(0,1+74,0,0) = T(1 +4,0,0,0) #0; (1,0,4,0,1) ¢ RangeT.
(b) Compute 7°(1,1,1,1).
(c) R:R4lz] — Rs[z] such that

dim(NullR) =2; 14 +2%>+ 2% cRangeR; 1-z*¢ NullR.

(d) Compute R(z*).
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PROBLEM 3 (20 POINTS). True / False.

In each case chose T or F and prove your statement.

5 6 6 8
(a) The matrix A = 2 (23 ; g is invertible and the inverse of A is given by:
2367

—68 —36 48 64
gL 68 35 —47 —64
4l-16 -9 11 16

4 3 -3 4

(b) The span of three vectors can never contain the span of four different non-zero vectors.

(c) If two linear maps T,T5: R® — R™ have the same null space and the same range,
then they are the same linear map.

(d) Let V and W be finite dimensional complex vector spaces. Then there exists a
bijective linear map between the complex vector spaces L(V, W) and L(W, V).
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PROBLEM 4 (20 POINTS). Systems of linear equations.
Consider the following systems of linear equations over Zs.
2r+y+2=4 2r+y+2=0
dr4+y+2z=1 dz+y+2=0

y+Z:a y+z:0

(a) Find a basis of the solutions subspace of the homogeneous one.

(b) Determine for which values of a, the non-homogeneous system has a solution. In this
case, describe the afﬁne space of all solutions.

I[V/J‘Lf/ }'\/]'Y}" ‘F

- ° 2, 47 | ,o0 O
(@ (3 e9)-(557) C500)
Jhon 2= 07Y:-3 Mus 9,2)= o Ifgd/z)%é&s
774% Ye bass ts %@Mb{) iil;wrzlrlsi:’:‘%i'\;elhe
7 QWWWW%%M

P b bl et o o7
2 00 |g-0 '
( )) (gm\l@)g (),90 @@_M;fﬁ

ON 9 g0

—”‘E/V\ }99 WEN\ ‘]_0\ O~> @a@ﬁul (WJ‘}S)

TM&( L)%ﬁﬂ PRI N S/

&{\
J 09 OJ/U(QDO

= x>
/ @ﬁ:l Xoi ( 1)L D)

/(]{r\ e a(H"?/ a??\% S &%ﬁ%ﬁ%ﬁﬁp) torle s

\d2/ NotW = {12014 01,07
@







PROBLEM 5 (20 POINTS). On subspaces.
Let V = M,x,(R) and let A be a fixed matrix in V. Let W = {B €V : AB+ B'A = 0}

(a) Prove that W is a subspace of V.

01

(b) Let n =2 and let A = (1 0

). Determine W explicitely.

(c) Let Wy and W5 be the following subspaces of V.
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One of these is a direct complement of the subspace (A) + W. Which one?
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